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Abstract. The description of strong interaction physics of low-lying resonances
is out of the valid range of perturbative QCD. Chiral effective field theories have
been developed to tackle the issue. Partial wave dynamics is the systematic tool to
decode the underlying physics and reveal the properties of those resonances. It is
extremely powerful and helpful for our understanding of the non-perturbative regime,
especially when dispersion techniques are utilized simultaneously. Recently, plenty of
exotic/ordinary hadrons have been reported by experiment collaborations, e.g. LHCb,
Belle, and BESIII, etc.. In this review, we summarize the recent progress on the
applications of partial wave dynamics combined with chiral effective field theories
and dispersion relations, on related topics, with emphasis on pipi, piK, piN and K¯N
scatterings.
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1. Introduction
1.1. QCD and chiral symmetry
Hadron physics, the study of strong interaction of matter, is one of the most challenging
and fascinating fields of modern science. Quantum chromodynamics (QCD) is the
underlying theory of the strong interaction. As a standard non-abelian gauge theory,
an important feature of QCD is asymptotic freedom [1, 2], which implies quarks and
gluons, the degrees of freedom of QCD, interact very weekly in high-energy regime.
In this regime, perturbative treatment of the short-distance interactions is feasible and
achievable, referred to as perturbative QCD. A successful application is the perturbative
calculation of QCD corrections to the deep inelastic lepton-nucleon scattering. Another
peculiar characteristic of QCD is color confinement, indicating that no color-charged
objects can be observed in nature. In other words, although the underlying degrees
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of freedom of QCD are quarks and gluons, which carry color quantum numbers, in
reality one can only observe bound states of quarks and gluons, which are color-neutral
hadrons such as mesons and baryons. Nevertheless, with the decrease of transferred
energy and due to the self-interaction of gluons, the QCD running coupling constant,
αs, becomes very large, causing the invalidity of perturbative QCD. The low-energy
strong-interaction phenomena is a non-perturbative problem, which has not yet been
analytically solved from first principles due to the high nonlinearity originating from
the complicated infrared behaviour of non-Abelian gauge theory. As a result, various
effective field theories (EFTs) or phenomenological models, motivated by the symmetries
of QCD, or numerical approaches like lattice quantum chromodynamics (LQCD) are
introduced to investigate hadron spectroscopy and hadron structures at low energies.
Amongst the symmetries of QCD, the most noted one is chiral symmetry and
its spontaneously breaking. In the mass limit of light quarks (u, d and s), the
QCD Lagrangian is invariant under chiral SU(Nf )L × SU(Nf )R transformation with
Nf ≤ 3 labeling the number of light-quark flavors. The chiral SU(Nf )L × SU(Nf )R
symmetry is spontaneously broken to its subgroup SU(Nf )V and gives birth to N
2
f − 1
massless Goldstone bosons according to Nambu-Goldstone theorem [3]. Besides, it is
explicitly broken provided that the small quark masses are taken into account in practice,
rendering the Goldstone bosons to acquire masses accordingly. In experiments, the
lowest-lying pseudoscalar octet is identified as the eight Nambu-Goldstone bosons in
the SU(3) flavor case. Chiral symmetry with its spontaneously breaking is important
in the sense that it is not only responsible for the emergence of Goldstone bosons, but
also accounts for the classification of hadron spectrum, in particular, of ground states,
saying the baryon octet, etc. It is thus indispensable to incorporate chiral symmetry in
EFTs or phenomenological models to describe the non-perturbative strong-interaction
phenomena and to probe the properties of hadrons.
1.2. A brief introduction to chiral effective field theories
Chiral perturbation theory (χPT), as the EFT of QCD in the low-energy domain, has
been extensively used in modern hadron physics and nuclear physics. Since two key
ingredients of χPT are the chiral symmetry of QCD and the concept of EFT, it is
usually called chiral effective field theory (χEFT). Though χPT is an EFT realization
of its underlying theory with the same symmetries, it has features of its own.
First, it is a perturbation theory feasible at low energies. To resolve the non-
perturbative problem caused by the rapid-growing of the QCD running coupling
constant, it carries out a simultaneous expansion in powers of external momenta and
small quark masses instead, which enables one to do perturbative calculations of low-
energy physical quantities up to a given accuracy. The importance of each local operator
in the chiral effective Lagrangians and the generated Feymann diagrams is assessed
aforehand in a specific scheme governed by a power counting rule (PCR).
Second, χPT is a non-renormalizable theory in the traditional sense, even though its
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fundamental theory is a renormalizable one. In χPT or any other EFTs, only effective
degrees of freedom are taken into account, while heavy modes can be integrated out
according to decoupling theorem [4, 5], leading to an infinite series of effective operators,
some of which are of mass dimension higher than four. The coefficients of the series
are called Wilson coefficients or low energy constants (LECs), encoding the effects of
the integrated particles. The renormalizablity of the full theory is not inherited due to
the fact that truncation of the operator series has to be done for a practical problem
with a given accuracy. Nevertheless, this does not affect the predictive power of χPT,
since the truncated series can be renormalized order by order guaranteed by symmetries.
Such a renormalization procedure can guarantee that the number of LECs is finite. The
unknown renormalized LECs can then be determined by experimental data of a given
process and applied to make predictions on other processes.
Third, The degrees of freedom of χPT are no longer the quarks and gluons in QCD
but their hadronic asymptotic states that can be observed experimentally, making the
comparison to experimental measurements convenient. Over the years, various versions
of χPT have been developed to deal with specific degrees of freedom under consideration.
In what follows, we will go through some widely-used versions or extensions of χPT
briefly.
1.2.1. Chiral perturbation theory χPT was originally set up for the study of the
interactions and properties of Goldstone bosons. It was first pointed out by Weinberg
that the soft-pion results of current algebra can be recast to the formalism of an EFT [6].
The formalism was later systematically developed by Gasser and Leutwyler in the meson
sector for the two-flavor [7] and three-flavor [8] cases. In such a purely mesonic χPT,
i.e. the theory of Goldstone bosons only, the chiral effective Lagrangian is organized in
the following generic form
Leff [s, p, rµ, lµ;U ] =
∑
i
L2i = L2 + L4 + · · · , (1)
where the subscripts denote chiral orders and only even-power terms exist in accordance
with Lorentz invariance. The Goldstone fields φ(x) are collected in the matrix U usually
via a non-linear realization. A popular way is to adopt the exponential parametrization†
U(x) = exp
(
i
φ(x)
F0
)
, (2)
†The sigma parametrization U(x) = [σ(x) + iφ(x)] /F0 with σ =
√
F 20 − φ(x)2 is available for the
SU(2) case. Equivalence theorems ensures that the results of physical observables do not depend on
the forms of parametrizations after an appropriate field transformation [9, 10].
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with F0 the pion decay constant in the chiral limit and‡
φ =
(
pi0
√
2pi+√
2pi− pi0
)
for SU(2) , (3)
φ =
 pi
0 + 1√
3
η
√
2pi+
√
2K+√
2pi− −pi0 + 1√
3
η
√
2K0√
2K−
√
2K¯0 − 2√
3
η
 for SU(3) . (4)
External sources are represented by the ingredients s, p, rµ, lµ, which are required either
to construct the chiral covariant derivative acting on U , DµU = ∂µU − irµU + iUlµ, or
to incorporate the quark mass term by setting s = Mq. Each ingredient entering the
effective Lagrangian is assigned with a given chiral order
U ∼ O(p0), DµU, rµ, lµ ∼ O(p), s, p ∼ O(p2) , (5)
such that L2i (i = 1, 2, · · · ) can be constructed order by order under guidance of P ,
C, chiral and Lorentz invariance. For SU(2) and SU(3) cases, the lowest order chiral
Lagrangian simply reads [8]
L2 = F
2
0
4
〈DµUDµU †〉+ F
2
0
4
〈χU † + Uχ†〉 , (6)
where χ ≡ 2B0Mq and B0 is a constant related to the quark condensate. The second
term accounts for the explicit chiral symmetry breaking due to the non-vanishing quark
masses, and, importantly, from which the well-known Gell-Mann-Okubo relation [11]
can be derived.
The construction of higher order chiral Lagrangians is similar to the L2, but the
procedure becomes lengthy due to the rapidly growing number of relevant operators
as the chiral order increases. Chiral Lagrangians at next-to-leading order, i.e. O(p4),
were constructed in Ref. [7] and Ref. [8] for SU(2) and SU(3) sectors, respectively.
The complete set of O(p6) chiral operators were accomplished by Refs. [12, 13, 14].
We refer the readers to e.g. Refs [15, 16] for detailed guidances on how to construct
complete and independent terms of higher order Lagrangians, and on the incorporation
of electromagnetic and weak interactions. It should be noted that each independent
chiral operator is accompanied by a coupling parameter, the so-called low energy
constant (LEC); See, for instance, the L1, · · ·L10 constants in the O(p4) Lagrangian
given in Ref. [8]. The LECs are not determined by chiral symmetry and encode
information on the dynamics of the underlying QCD theory. Usually, the values of
the LECs can be pinned down by experimental data, e.g. [17, 18], resonance saturation,
e.g. [8], lattice QCD, e.g. [19] and so on. A recent discussion on the status of the coupling
constants of the chiral Lagrangians in the meson sector is presented in Ref. [20].
χPT gained great achievements as reviewed by Refs [21, 15, 22, 16]. Calculations of
scattering processes and observables at one-loop (next-to-leading order, NLO) and two-
loop (next-to-next-to-leading order, NNLO) orders became standard. For instance, the
‡It should be noted that the pion decay constant in the chiral limit is not the same for SU(2) and
SU(3) cases.
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NLO calculation of pipi scattering was performed in Ref. [7] and the NNLO calculation
was performed by the authors of Refs [23, 24]. For the SU(3) case, the one-loop
calculation of piK scattering can be found in Refs. [25, 26], and the two-loop one was
done in Ref. [27]. Moreover, the calculations of the pion mass M2pi and pion decay
constant Fpi were recently extended to next-to-next-to-next-to-leading order (NNNLO),
i.e. three-loop level, in Ref. [28], and good convergence property was observed. It is safe
to say that the perturbative χPT calculation in the meson sector has became rather
mature and can provide solid and reliable chiral results for further exploration of low-
energy hadron spectrum and hadron structure. For instance, the pipi and piK scattering
amplitudes obtained in χPT played a crucial role in disclosing the mystery of light
scalar mesons. In addition, it is worth noting that in some cases the strong final state
interaction (FSI) require the union of χPT and dispersion relation, as in the precise
prediction for a00 and a
2
0 based on the Roy equations to be discussed in Section 3.1.1.
1.2.2. Resonance chiral theory The validity of χPT for pure Goldstone bosons is
restricted by the occurrence of the meson excitations in the intermediate energy region.
The role of resonances in χPT is discussed in Ref. [29, 30], regarding how to describe the
strong interactions of low-lying meson resonances of the type V (1−−), A(1++), S(0++)
and P (0−+) with Goldstone bosons. The basic resonance chiral Lagrangian reads
LRes. =
∑
R={V,A,S,P}
[Lkin(R) + L2(R)] , (7)
where the kinetic terms are given by
L(R = V,A) = − 1
2
〈∇λRλµ∇νRνµ − 1
2
M2RRµνR
µν〉
− 1
2
∂λR1,λµ∂νR
νµ
1 +
1
4
M2R1R1,µνR
µν
1 , (8)
L(R = S, P ) = − 1
2
〈∇µR∇µR−M2RR2〉+
1
2
{
∂µR1∂µR1 −M2R1R21
}
, (9)
with MR and MR1 being the masses of the corresponding octet and singlet, and ∇ is
covariant derivative acting on the resonance fields. The interaction terms have the form
L2
[
V (1−−)
]
=
FV
2
√
2
〈Vµνfµν+ 〉+
iGV√
2
〈Vµνuµuν〉 , (10)
L2
[
A(1++)
]
=
FA
2
√
2
〈Aµνfµν− 〉 , (11)
L2
[
S(0++)
]
= cd〈Suµuµ〉+ cm〈Sχ+〉+ c˜dS1〈uµuµ〉+ c˜mS1〈χ+〉 , (12)
L2
[
P (0−+)
]
= idm〈Pχ−〉+ id˜mP1〈χ−〉 . (13)
Definitions of the involved chiral building blocks, e.g. uµ, are referred to Ref. [29].
Here Vµν , Aµν , S and S are octet vector, axial-vector, scalar and pseudo-scalar fields,
while S1 and P1 are singlet scalar and pseudo-scalar ones. Furthermore, the couplings
FV , GV , FA, cd,m, c˜d,m, dm and d˜m are real constants. As in χPT, symmetries does
not provide information on the couplings. An appropriate way to determine them
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is performing matching the operator product expansion of Green functions with the
corresponding expressions obtained in RχT, as shown in Refs. [31, 32, 33, 34, 35, 36].
The above resonant-interacting Lagrangians can be naively counted as O(p2) as done in
purely mesonic χPT. Besides, the integration of the resonances should provide the χPT
Lagrangian of O(pn), with n > 2 [37, 38]. However, in practice once the resonances
emerge in the loops as internal propagator, the chiral power counting fails due to
the non-vanishing masses of the resonances. Thus, instead of chiral PCR, the 1/Nc
expansion of QCD in the limit of Nc → ∞, with Nc the number of colors, is usually
employed to organize the perturbation expansion. Consequently, χPT with the inclusion
of resonances is termed as resonance chiral theory (RχT), avoiding saying the word of
‘perturbation’. Resonance Lagrangians beyond O(p2) can be constructed under the
guidance of chiral symmetry for the Goldstone bosons and transformation properties
under the unbroken subgroup SU(3)V of the resonances. A typical operator in a
resonance Lagrangian reads O ∼ 〈R1R2 · · · Oχ(pn)〉 , where Ri represents a resonance
field and Oχ(pn) denotes a chiral operator of order pn, see Ref. [37] for details.
Over decades, efforts have been devoted to the study of RχT in various aspects. The
equivalence of different Lagrangians is discussed in Refs. [30, 39, 40, 41], which actually
was already shown in Ref. [42]. Tensor resonances were incorporated in RχT by Ref. [43].
Investigation of matching Green functions between RχT and QCD in the high energy
region can be found in Refs. [44, 33, 34, 35, 37, 38]. This is feasible since both the results
of tree-level RχT and the OPE at the order of O(α0S) generate a series in inverse powers
of momenta. In this way, the unknown couplings can be constrained. RχT has also been
extensively applied to investigate phenomenology [45, 46, 47, 48, 49, 50, 51, 52, 53]. An
important application RχT is the determination of chiral LECs at NLO in the 1/Nc
expansion [32, 54, 55]. In addition, there is a series of works to handle various issues
that RχT encountered in one-loop calculations [56, 57, 58, 59, 60, 61]. Resonance
exchange contribution obtained in RχT can also be used to estimate the left-hand cut
contribution showing up within partial wave dynamics, see, e.g. Ref. [62].
1.2.3. Baryon χPT Baryon χPT (BχPT) is an extension of χPT additionally taking
baryons into account. So far, BχPT still stays prosperous due to the crucial role it plays
in nuclear physics. Hereafter, we focus on the one-baryon/nucleon sector and refer the
readers to e.g. Refs. [63, 64, 65] for reviews on few and many body nucleon systems.
Compared to mesonic χPT, the effective Lagrangian now comprises both baryonic and
mesonic ingredients. The chiral counting rule for the new baryonic members are given
by
B ∼ O(p0) , DµB ∼ O(p0) , (i /D −mB)B ∼ O(p) ,
1 , γµ , γµγ5 , σµν ∼ O(p0) , γ5 ∼ O(p) . (14)
Taking into account the above pieces, the effective Lagrangian can be constructed order
by order and, in principle, up to infinity. In one-baryon sector, its general form reads
Leff = L(1) + L(2) + L(3) + · · · , (15)
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with the superscripts denoting chiral dimensions. For SU(3) case, the leading order
piece is [66]
L(1)φB = 〈B¯(i /D −mB)B〉 −
D
2
〈B¯γµγ5{uµ, B}〉 − F
2
〈B¯γµγ5[uµ, B]〉 (16)
where Goldstone bosons are collected in φ given by Eq. (4), and baryon fields are
compiled in a 3× 3 matrix
B =

1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ
 . (17)
Here mB and D(F ) are baryon mass and coupling constants in the chiral limit. Part of
the O(p2) Lagrangian was first given in Ref. [67], and the Lagrangian up to O(p3) was
initially constructed in Ref. [68]. Nevertheless, a complete and minimal set of O(p2) and
O(p3) meson-baryon chiral operators were finally established in Refs. [69, 70]. TheO(p4)
SU(3) Lagrangian is available in a recent work [71]. For SU(2), the lowest Lagrangian
reads
L(1)piN = N¯
{
i /D −mN + 1
2
gAγµγ5u
µ
}
N , (18)
where N = (p, n)T ; mN and gA are the mass and axial charge of the nucleon in the
chiral limit. Higher order pieces up to O(p4) were given in Ref. [72].
Unlike Goldstone bosons in the purely mesonic χPT, the baryons have non-zero
masses in the chiral limit, a consequence of which is that the power counting becomes
subtle as pointed out in Ref. [73]. The PCR was shown to be violated when the nucleon
propagators appear in loop diagrams as internal lines. In other words, loop diagrams
with internal nucleon lines yield contributions of orders lower than that assigned by
the PCR. To tackle the power counting breaking (PCB) problem, various methods have
been proposed during the past thirty years. The most well-known approach is to perform
calculations of physical quantities within the framework of heavy baryon (HB) χPT (i.e.,
HBχPT) [74, 75]. In HBχPT, a simultaneous expansion in p and in inverse powers of
the nucleon mass is performed so as to restore the power counting. This framework
was successful in the description of a multitude of low-energy observables involving
mesons and baryons [63, 76, 77, 78, 79]. However, it was also found that the non-
relativistic heavy baryon expansion distorts the analytic structure of the amplitudes, e.g.
the location of the poles of baryon propagators are shifted. Furthermore, convergence
problems emerged in certain low-energy domains, e.g. for the scalar form factor of the
nucleon at t = 4M2pi [80, 81]. The problem encountered in the HB formalism impels us
back to treat the PCB problem within covariant BχPT. The power counting was restored
in a pioneering work [82] by keeping only the so-called soft components of the Feynman
diagrams. The path was followed by Ref. [81], where a more elegant approach, known as
infrared regularization (IR), was proposed. The IR prescription was later reformulated
in Refs. [83, 84, 85, 86]. In the IR regularization scheme, all the loop integrals are
separated into infrared singular parts and infrared regular parts. The former respects
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the PCRs and the later possibly violates them. The regular parts are discarded by
means of absorbing them in the LECs of the effective Lagrangian. By using the IR
scheme, various works have been done in SU(2) case [87, 88] and in SU(3) case [89, 90].
However, drawbacks of the IR regularization, due to dropping the entire infrared regular
parts, exist that an unphysical u-channel cut was found [81, 82] and a large violation of
the Goldberger-Treiman relation was predicted [88]. An alternative approach, the so-
called extended-on-mass-shell (EOMS) scheme, was then developed in Refs. [91, 92, 93].
It removes the PCB terms at the level of amplitudes (or observables) by means of
absorbing them into the renormalization of LECs of the effective Lagrangian. Hence,
the proper analytic structure of the obtained physical quantities or scattering amplitudes
is preserved. The EOMS scheme has been extensively used in various studies of baryon
phenomenology, see e.g. Ref. [94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106].
Recent development alone this line was made in Ref. [107] where the EOMS scheme was
extended beyond the low energy region. It should be mentioned that the application
of the EOMS scheme to the study of the properties of hadronic resonances suffers from
a new problem. That is the PCB terms now contain imaginary parts, which can not
be absorbed by shifting the real LECs. Nevertheless, the problem can be addressed
by employing the complex mass scheme (CMS) [108, 109, 110, 111], see Ref. [112] for
an example of the application of CMS to hadronic EFT at two-loop level. In Fig. 1,
comparison of various renormalization schemes of BχPT is shown.
Another important subject of BχPT is the inclusion of the baryon excitations as
explicit degrees of freedom. Contributions from some of the baryon resonances are
significant due to the proximity of their masses and the corresponding meson-baryon
thresholds. A typical example is the ∆(1232) resonance, which plays a crucial role in
the description of piN and γN processes even at very low energies [113, 95, 105]. Its
inclusion improves the convergence properties of the chiral series [94, 96] and extends
the range of applicability of BχPT. However, the explicit inclusion of resonances is non-
trivial due to the complexity of constructing a proper PCR for the resonances and the
treatment of un-welcome unphysical components of the spin-3/2 fields. For the chiral
counting involving the ∆ resonance, the so-called -counting scheme was invented in
Ref. [114] and later the δ-counting rule was proposed in Ref. [115]. The two proposed
schemes should be also valid for the inclusion of decuplet in the SU(3) case. Note that,
in Ref.[116], a chiral counting for BχPT with both explicit Roper and ∆ resonances is
worked out. On the other hand, consistency of the Rarita-Schwinger filed formulation
in BχPT was discussed in Refs. [117, 118]. In fact, it should be mentioned that in most
threshold processes it is completely sufficient to saturate the LECs by the ∆, one does
not need it as an explicit degree of freedom, see e.g. γp→ pi0p [119].
1.2.4. χPT for heavy hadrons To study heavy hadron spectrum, χPT has been
extended to describe the interactions between Goldstone bosons and heavy hadrons.
For hadrons containing a heavy quark, a traditional formalism, called heavy hadron
χPT (HHχPT), was proposed by Refs [120, 121, 122], where not only the chiral
CONTENTS 10
Figure 1. Comparison of renormalization schemes of BχPT. The blue dashed line
represents the power counting rule and the black dots stands for chiral series of tree
amplitudes. Regular and singular parts of the loop amplitudes are shown by the blue
and red dots (or the filled semi-circles), respectively. Graphs from top left to bottom
right correspond to dimension regularization (DR) using MS − 1 subtraction scheme,
EOMS scheme, IR prescription and HB formalism, in order.
symmetry is encoded but also the heavy-quark symmetry is complemented in order
to study the heavy-light systems in a comprehensive way. Due to the implementation
of heavy-quark symmetry (HQS) [123], the interactions are independent of heavy-quark
spin and flavor. Taking heavy mesons for example, the pseudoscalar charmed meson
and vector charmed meson should be treated as counterparts to form a spin doublet,
and furthermore their cousins in the bottom sector share a common chiral effective
Lagrangian. Phenomenology of heavy meson chiral Lagrangians was discussed, see e.g.
Refs. [124, 125, 126] and references therein. For hadrons with two heavy quarks, there
also exist alternatives of HHχPT. For instance, a version of HHχPT that includes doubly
heavy baryons and incorporates heavy quark-diquark symmetry (HQDS) was derived
in Ref. [127]. Since the HQS and HQDS are largely violated in reality, HHχPT in
covariant form, in combination only with the chiral symmetry, becomes more and more
popular nowadays. A successful example is the study of the interaction of charmed
mesons and Goldstone bosons, see e.g. Refs. [128, 129, 130, 131]. It was shown that
the power counting problem that usually emerges in covariant χPT, due to the non-
vanished masses of matter fields in the chiral limit, can be readily addressed by using
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the EOMS scheme [132, 133]. Note that relativistic chiral Lagrangians for mesons with
a single heavy quark up to O(p4) both in SU(2) and SU(3) case were constructed in
Ref. [134]. Covariant χPT treatment of the doubly charmed baryons can also be found
in Refs. [135, 136, 137, 138].
Perturbation theory violates unitarity, especially in the high energy region, which
needs to be restored. We will discuss this issue in the following sections.
2. Towards faithful scattering amplitudes
2.1. Final state interactions
Final-state interactions (FSI) are important to study hadron physics. It describes the
rescattering of the hadrons of production, see Fig.2. On the left side of the equal sign
Figure 2. The Feynman diagrams to indicate the FSI of two-body scattering and
decay processes.
they are the whole amplitude of the scattering and/or decay. As is well known, the χEFT
works well in the low energy region, and they could describe the first diagrams shown
on the right side of the equal sign in Fig.2. The discontinuity of the whole amplitude
is related to the second diagrams on the right side, which could be separated into two
parts by cutting off the two lines in the loop and the product of them (the cutting rule),
where one of them is changed into the conjugate form and also a space factor should be
included. Dispersion relation is strict to calculate amplitudes through the discontinuity
across the branch cut. It keeps analyticity, unitarity, and crossing symmetry. Thus
a combination of χEFT and dispersion relation would be rather helpful to study the
processes including FSI.
For the hadronic scattering we know that the partial wave amplitudes T IJ (s), with
definite isospin I and spin J , should satisfy the coupled channel unitarity
ImTnk
I
J(s) =
∑
l
Tnl
I
J
∗
(s)ρl(s)Tlk
I
J(s) . (19)
The theorem of FSI could be expressed as
ImFkIJ(s) =
∑
l
FlIJ∗(s)ρl(s)TlkIJ(s) . (20)
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Here the F IJ(s) is the partial wave amplitude where the initial state(s) decays (scatter)
into the channels related to the hadronic scattering channel of T IJ (s). Notice that
the F IJ(s) amplitude should be electromagnetic or weak interactions. For example,
it could be the two photon reaction into pipi, K¯K or the D → pipieν processes. The only
requirement is that the FSI is of strong interaction nature. In the single channel case, it
is not hard to find that Eq. (20) ensures that the F IJ(s) has the same phase as that of the
hadronic amplitude T IJ (s), this is the well known Watson’s theorem [139]. For coupled
channel case, the phases of F IJ(s) and T IJ (s) are only the same in the elastic region, and
the F IJ(s) could be approximately represented by the Au-Morgan-Pennington (AMP)
method [140, 141]:
FkIJ(s) =
∑
l
αl
I
J(s)Tlk
I
J(s) , (21)
with the coupling functions αl(s) real, in terms of a series of polynomials of s, which
simulates the contribution from the left hand cut (l.h.c.) and distant right hand cut
(r.h.c.).
Even in the low energy region, the FSI could change the amplitudes obviously
from the prediction of the χEFT, see the difference between the Born amplitude of
the γγ → pipi and the one given by dispersion relations [142], there is a distinct
difference between them not faraway from pipi threshold. In the high energy region,
perturbation calculation with χEFT is impossible, thus many models are built with
implementation of the principles of quantum field theory (QFT) and relates the T IJ (s)
and F IJ(s) amplitudes with the theorem of FSI. For different models to describe the FSI,
see e.g. Refs. [140, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152].
2.2. Unitarization and resummation methods
2.2.1. K-matrix K-matrix is proposed by Wigner [153, 154], firstly applied to study
the resonances appearing in nuclear reaction[153, 154]. As is known, the single channel
scattering partial wave should keep unitarity
ImT IJ (s) = ρ(s)|T IJ (s)|2 , (22)
where
√
s is the energy in the center of mass frame, and it is not hard to find the so
called inverse amplitude relation
ImT IJ
−1
(s) = −ρ(s) . (23)
This still keeps in the multi-channel case where T IJ and ρ become matrix forms. One
could parameterize the single channel scattering amplitude as
T IJ (s) =
1
M(s)− iρ(s) =
K(s)
1− iρ(s)K(s) ,
SIJ(s) =
1 + iρ(s)K(s)
1− iρ(s)K(s) , (24)
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where the K(s) is real and may be represented by polynomials of s and poles in many
applications. It could be generalized to the cases including FSI, together with Eq. (24)
one has
F IJ(s) = F (s)(1− iρ(s)K(s))−1 . (25)
Here the F (s) is real too. As done in [155], we could input the tree amplitude AIJ(s)
(timing with polynomials and the K(s)) instead of the F (s), then the F IJ(s) amplitude
has been changed into
F IJ(s) = AIJ(s)α(s)T IJ (s) . (26)
This is nothing else but the one given by the AMP method, as shown in Eq. (21). It is
not hard to find that it satisfies the Watson’s theorem, see Eq. (20). In the low energy
region (s→ 0), it would return to the tree amplitude, keeping the chiral symmetry. All
the equations given above could be generalized into coupled channel cases, and then the
S-matrix could be parameterized as
SIJ(s) = [1 + iρ
1/2(s)K(s)ρ1/2(s)][1− iρ1/2(s)K(s)ρ1/2(s)]−1 , (27)
where ρ(s) = diag(ρ1(s), ρ2(s), . . . ρn(s)). The two-body phase space factor has only
diagonal elements
ρi(s) =
1
s
√
(s− (Mi +mi)2) (s− (Mi −mi)2) , (28)
and Mi and mi are the respective masses of two bodies in the i-th channel. Here K(s)
is a real symmetric matrix, and the same for the F IJ(s) amplitudes referring to the FSI.
In another formalism, the K-Matrix could be rewritten as
T IJ (s) = K(s)[1− C(s)K(s)]−1 , (29)
where C(s) is the diagonal matrix of the canonical definition of Chew-Mandelstam
functions [156, 157], and they could be represented by once subtracted dispersion
relations:
Ci(s) =
s
pi
∫ ∞
sthi
ds′
ρi(s
′)
s′(s′ − s) . (30)
The Chew-Mandelstam functions could be expressed explicitly as
Ci(s) =
1
pi
+
M2i −m2i
pis
ln
(
mi
Mi
)
− M
2
i +m
2
i
pi(M2i −m2i )
ln
(
mi
Mi
)
+
ρi(s)
pi
ln
(√
(Mi +mi)2 − s−
√
(Mi −mi)2 − s√
(Mi +mi)2 − s+
√
(Mi −mi)2 − s
)
. (31)
Since the unitary cut is embodied in once subtracted dispersion relation, the amplitude
could be used to extract poles and residues in the complex s-plane along the real axis.
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2.2.2. Pade´ approximation In the past decades there developed several techniques
to unitarize the χPT amplitudes[158, 159, 160, 161], named as unitarized chiral
perturbation theory (UχPT). Among them Pade´ approach is developed from expansion
of series of powers of rational functions§. The inverse amplitude method (IAM) [159, 160]
is somehow similar to this one and we will discuss it at the end of this section. The
on-shell Bethe-Salpeter (BS) equation [162] also belongs to the chiral unitary approach,
but we will discuss it in the next section. One could suppose a Pade´ approximation
function to make sure that its Taylor expansion is close to the origin function. Its
general form is
T [M,N ](x) =
QN(x)
PM(x)
,
where QN(x) and PM(x) represents for functions with the power of the variables x being
N and M, respectively. Usually, the firstN+M terms of the Taylor expansion of the Pade´
[N,M] approximation will be the same as that of the origin function. Hence the Pade´
approximation will restore perturbative unitarity of χPT with respect to perturbation
expansion. As a simple example, we give the Pade´ approximation [158, 163] for the
partial waves of pipi scattering [161]:
T
I [1,1]
J (s) =
T IJ,2(s)
1− T
I
J,4(s)
T IJ,2(s)
,
T
I [1,2]
J (s) =
T IJ,2(s)
1− T
I
J,4(s)
T IJ,2(s)
− T
I
J,6(s)
T IJ,2(s)
+
(
T IJ,4(s)
T IJ,2(s)
)2 . (32)
Here the T amplitudes are calculated by the χPT. I, J and the number ‘1, 2’ after the
comma represent for the isospin, spin and the highest power of the momentum in χPT,
respectively. When expanding the χPT amplitudes, one finds that
ImT IJ,2 = 0,
ImT IJ,4 = ρ(s)(T
I
J,2)
2,
ImT IJ,6 = 2ρ(s)T
I
J,2 ReT
I
J,4, · · · (33)
It is then easy to find that the Pade´ approximation satisfies the perturbative unitarity
in χPT when ignoring the higher order terms:
ImT
I[1,1]
J (s) = ρ(s)|T I[1,1]J (s)|2 ,
ImT
I[1,2]
J (s) = ρ(s)|T I[1,2]J (s)|2 . (34)
These [1,1] and [1,2] Pade´ approximations are helpful to study the pipi scattering [161]
above the low energy region and the pipi − KK¯ coupled channels [164]. However, it
also has several caveats: it violates crossing symmetry and spurious poles and cuts will
§Notice that it treats the whole χPT amplitudes as polynomials and ignores that the logarithm
functions (from 1,2-loop corrections) could have cuts. These functions are of course difficult to be
expanded in a series of polynomials of s. Nevertheless, it is an intuitive way to derive the unitarization
formalism
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be taken into the physical amplitudes unexpectedly, hence it violates the causality, as
pointed out in Ref.[165].
The IAM holds similar formulae but comes from different considerations. Firstly, it
is built through the fact that the imaginary part of the inverse amplitude in the physical
region is exactly the phase space factor with a minus sign [159], see Eq. (22). As an
example, one could write the dispersion relations on the T 22 (s)/T (s) for single channel
scattering, that is,
G(s) =
T 22 (s)
T (s)
= P3(s) +
s3
pi
∫
L
G(s′)
s′ − s +
s3
pi
∫
R
G(s′)
s′ − s .
Here P3(s) is the subtraction term in terms of three order polynomials. Together with
Eq. (33), one can derive Eq. (32) by assuming that the left hand cut of the G(s) is the
same as that of −ImLT4(s). It could also be extended up to higher orders. In Ref.[144]
an N/D method is used to unitarize the χPT amplitudes, and it is listed to the UχPT,
too.
2.2.3. Lippmann-Schwinger and Bethe-Salpeter equations The decomposed partial
wave amplitude, could be solved by the Lippmann-Schwinger (LS) equation, which is
expressed as
T (z) = V (z) + V (z)G0(z)T (z) ,
where the equation is an integral equation, G0(z) is the Green function and z is the
energy dependence of the operator T . In the view point of QFT, this equation describes
the resummation of all Feynmann diagrams. The T is solved by inputting a potential V ,
which could be given by perturbation calculation. For example in nucleon anti-nucleon
interaction, the reaction amplitudes are obtained from the solution of a relativistic LS
equation [166, 167]:
TL′′L′(p
′′, p′;Ek) = VL′′L′(p′′, p′) +
∑
L
∫ ∞
0
dpp2
(2pi)3
VL′′L(p
′′, p)
1
2Ek − 2Ep + i0+TLL
′(p, p′;Ek).
(35)
Here, Ek =
√
m2 + k2, where k is the on-shell momentum and V is the potential
calculated by χEFT. This method could be extended to the production process, with
the distorted-wave Born approximation (DWBA) applied [168]
A(z) = A0(z) + A0G0(z)T (z) , (36)
where A0(z) is the production amplitude and T (z) is the hadronic scattering amplitude
of the final states.
The Bethe-Salpeter (BS) equation is similar to LS equation, but their difference
is that in BS equation one uses the four-momentum to do the integration, while in LS
equation one uses the three-momentum and energy to do the integration. Examples
of the application of LS and BS equations on the hadron physics could be found in
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Refs.[169, 170, 171, 172], etc.. A typical BS integration equation reads
Tjk(p1, p2; q) = Vjk(p1, p2; q) +
∑
l
∫
d4q
(2pi)4
Vjl(p1, p2; q)
q2 −m21l + i0+
Tlk(p
′
1, p
′
2; q)
(p1 + p2 − q)2 −m22l + i0+
.
(37)
For simplicity one may use ‘on-shell’ approximation [162] to be relieved from the non-
trivial numerical calculation of the integration equation. In that case the potential V
and scattering amplitude T could be extracted out from the integration and one has
T (s) =
V (s)
1− V (s)G(s) , (38)
where the G(s) function is diagonal:
Gll(s) = i
∫
d4q
(2pi)4
1
q2 −m21L + i0+
1
(p1 + p2 − q)2 −m22L + i0+
. (39)
Note that it is divergent and needs to be regularized. To deal with the integration,
the cut-off scheme would cause some severe problems, firstly the amplitude can not be
extended above (or even close to) the cut-off momentum; secondly there is a singularity
above the threshold, rising from the possibility of the denominator in the integrand
being zero. The singularity will disappear in the limit that the cut-off runs into infinity.
To avoid such problems one could integrate it out in the dimensional regularization
method. One has [173]
Gll(s) =
1
16pi2
{
iρ(s)
2
[ ln[s−∆ + isρ(s)] + ln[s+ ∆ + isρ(s)]− ln[−s+ ∆ + isρ(s)]
− ln[−s−∆ + isρ(s)] ] + aµ + ln m
2
1l
µ2
+
∆− s
2s
ln
m21l
m22l
}
. (40)
Here ρ(s) is the phase factor as defined before, aµ is the subtraction constant,
∆ = m21l − m22l and λi =
√
1 +m2il/q
2
max. For earlier discussions about study of G(s)
in cut-off and/or dimensional regularization, we refer to Refs.[174, 175] and references
therein. The merit of such an equation is that they are based on QFT and thus are less
model dependent. It keeps unitarity (also in the coupled channels), has less parameters
and could restore the perturbative calculations in the low energy region. However, in
the point view of ‘resummation’, it only sums over the bubble chains of the s-channel
and thus the crossing symmetry is not ensured. The choice of the subtraction constant
is model dependent, too.
2.2.4. Relativistic Friedrichs-Lee scheme In 1948, Friedrichs established a simple non-
relativistic model [176]. This model includes a free Hamiltonian H0 with a simple
continuous spectrum with a range of [0,∞), plus an eigenvalue ω0 embedded in this
continuous spectrum (ω0 > 0). If an interaction V between the continuous and discrete
parts is introduced, the discrete state of H0 is dissolved in the continuous spectrum and
a resonance is generated. The Lee model in quantum field theory has used a similar
idea to study the physical state and the wave function renormalization [177]. Thus, it
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is called the Friedrichs-Lee model here and the scheme is illustrated in line with the
Friedrichs model.
One could denote the discrete state of H0 by |1〉 and the continuous state by the
|ω〉, so
H0|1〉 = ω0|1〉, H0|ω〉 = ω|ω〉. (41)
The free Hamiltonian is then
H0 = ω0|1〉〈1|+
∫ ∞
0
ω|ω〉〈ω|dω, (42)
and the interaction V is written as
V = λ
∫ ∞
0
[f(ω)|ω〉〈1|+ f ∗(ω)|1〉〈ω|]dω, (43)
where f(ω) denotes the non-trivial coupling form factor governing the interaction.
Provided |1〉 and |ω〉 form an orthogonal complete set, the normalizations are
〈1|1〉 = 1, 〈1|ω〉 = 〈ω|1〉 = 0,
〈ω|ω′〉 = 〈ω′|ω〉 = δ(ω − ω′). (44)
The eigenfunction of H = H0 + V for an arbitrary real eigenvalue x could be written
down as
HΨ(x) = xΨ(x). (45)
Since |1〉 and |ω〉 form a complete set, the eigen-wavefunction could be expressed as
Ψ(x) = α(x)|1〉+
∫ ∞
0
ψ(x, ω)|ω〉dω. (46)
This model is exactly soluble and its solution could be obtained by standard derivations
and written down as
|Ψ±(x)〉 =|x〉+ λ f(x)
η±(x)
[
|1〉+ λ
∫ ∞
0
dω
f(ω)
x− ω ± i |ω〉
]
, (47)
where the inverse of the resolvent function
η±(x) = x− ω0 − λ2
∫ ∞
0
f(ω)f ∗(ω)
x− ω ± idω. (48)
η±(x) can be analytically continued to the complex plane and are the upper edge and
lower edge of a analytic function η(x) on the cut from 0 to ∞ on the real axis. This
resolvent function is similar to a non-subtracted dispersion relation in the non-relativistic
form. Ψ+(x) is the in-state and Ψ−(x) is the out-state. The S-matrix of one continuum
state can also be obtained by inner product of the in-states and the out-states as
S(E;E ′) = δ(E − E ′)
(
1− 2piif(E)f
∗(E)
η+(E)
)
. (49)
That means the inverse of the resolvent function η(x) plays an important role in
describing the scattering processes which will be addressed later.
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Actually, the Hamiltonian eigenfunction could be generalized in the rigged Hilbert
space (RHS) to have a complex eigenvalue of H with eigenvectors not belonging to the
conventional Hilbert space [178]. That means, the state satisfying
HΨ(z) = zΨ(z) (50)
with z being a complex value could be well defined in RHS and used to describe the
resonance, i.e. Gamow states [179, 178]. The main point of RHS is to have a Gel’fand
triplet Ω ⊂ H ⊂ Ω×, where H is the usual Hilbert space of the normalizable states,
Ω is a nuclear space which is dense in H , and Ω× is the space of the anti-linear
continuous functionals on the nuclear space. Gamow states must be in the larger Ω×,
since it is the generalized eigenstate of the full Hamiltonian with complex eigenvalues.
The descriptions of in-state and out-state are using different rigged Hilbert spaces,
Ω± ⊂H ⊂ Ω×± where the subscript ”−” denotes the out-state space and + denotes the
in-state space. There are two kinds of Gamow states, |z−R〉 ∈ Ω×−, |z+R〉 ∈ Ω×+ denoting the
decaying state and growing states, which correspond to the lower and upper second-sheet
poles of the S-matrix, respectively. For further detailed discussion on the mathematical
foundation, the readers are referred to [179, 178].
By analyzing the Friedrichs model carefully, it is found that the complex eigenvalues
of Eq. (50) are just the pole of the scattering amplitude, which corresponds to the zero
point of η(z) function satisfying
z − ω0 − λ2
∫ ∞
0
f(ω)f ∗(ω)
z − ω dω = 0. (51)
According to Eq. (49), it is also found that the zero points of η(z) function are just the
poles of the scattering S-matrix of the continuum states. From the cut starting from
threshold to the infinity, the η(z) function could be analytically continued to the second
Riemann sheet (RS-II). The zeros of η(z) (poles of the resolvent function) could only be
found on RS-II or the real axis below the threshold, which represent resonances, virtual
states, or bound states of the scattering processes.
Actually, besides the poles originated from the bare states at ω0, other dynamical
poles could appear. Such kinds of dynamical poles could also be described by the
wavefunctions similar to the resonance shifted from the bare state. In ref. [180], it is
shown that some virtual state or resonance poles will be generated in different kinds of
interaction form factors. It implies that the nontrivial interactions will determine the
properties of the extra states.
However, it should be extended to a relativistic form to study the light hadrons,
because in principle the light constituent quarks involved move fast comparable to
the light speed. An important difference from the non-relativistic scenario is that the
creation and annihilation operators are involved. The eigenvalue problem is equivalent
to finding the solution of
[Pµ, b
†(E,p)] = pµb†(E,p), (52)
where b†(E,p) has both contributions from the operators of the discrete and continuum
states. By a direct calculation of the commutation relation, the continuum in-state and
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out-state creation operator reads
b†±(E,p) = B
†(E,p)− 2ω(p)α(k(E,p))
η±(E,p)
[ ∫
Mth
dE ′β(E ′)α(k(E ′,p))
×
( B†(E ′,p)
(E ′ − E ∓ i0) −
B(E ′,−p)
(E ′ + E ± i0)
)
− 1
2ω(p)
(
(ω(p) + E)a†(p)− (ω(p)− E)a(−p)
)]
, (53)
with the subscript “ + ”(“− ”) denotes in-state (out-state) [181]. η±(E,p) is expressed
as
η±(E,p) = E2 − ω(p)2 −
∫
dE ′2[
2ω(p)β(E ′)α(k(E ′,p))2
(E2 − E ′2 ± i0) ], (54)
which appears in the denominator of all the coefficients functions. It is obviously similar
to η±(E) in the non-relativistic Friedrichs model [182, 183], and it has a right hand cut
starting from threshold energy squared for the two-particle continuum. In the c.m.
frame, p = 0, the variable is changed to the invariant mass W of two-particle system,
or more concisely to s = W 2, so that the η function could be written down as
η±(s) = s− ω20 −
∫
sth
ds′
ρ(s′)
s− s′ ± i0 , (55)
where sth = (µ1 + µ2)
2 and the spectral function ρ(s) = 2ω0
k(s)ε1(s)ε2(s)√
s
α(k(s))2 in
which the coupling form factor α(k) could be obtained by using the relativistic quark
pair creation (RQPC) model [184, 181] or some other relativistic models for consistency.
The η function is Lorentz invariant and just similar to the relativistic dispersion relation.
Its main difference from the non-relativistic case is that the relation is in terms of the
energy squared s instead of the energy E. The S-matrix of one continuum state can
also be obtained by inner product of the in-states and the out-states,
S(E,p;E ′,p′) = δ(3)(p− p′)δ(E − E ′)
(
1− 2pii ρ(s)
η+(s)
)
. (56)
In general, since there is only one continuum state here, i.e. one unitarity cut, every
bare discrete state will be shifted to become two conjugate poles on RS-II representing
a resonance or remaining on the real axis being virtual or bound state poles. When the
coupling is tuned down, these poles will move to the bare position of the discrete state.
These two “bare” poles contribute only one resonance or one state.
In addition, there could also be dynamically generated poles which does not move
to the bare states and normally will run towards the singularities of the form factor
when the coupling is switched off. These are dynamically generated by the interaction
between the discrete state and the continuum. The properties of the extra “dynamical”
poles depends on the concrete form of the non-trivial interaction form factor. These
“dynamical” poles will behave as another state perhaps shown as another lineshape
peak in the cross section for example.
This model can be generalized to include more discrete bare states and continuum
bare states. With more discrete bare states, the η function will become a matrix whose
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dimension is equal to the number of the discrete bare states. With more continuum bare
states, more dispersion integrals will be added in the η functions, with each integral
corresponding to a continuum threshold.
Although it is a dynamical model without complying with crossing symmetry,
unitarity of the scattering amplitude could be kept from the beginning. Furthermore,
analyticity is also respected and easily analyzed. In its recent applications, the scheme
presents a general consistent picture about the states involved here, and its results
could be crosschecked with other dispersive approaches, so it is worth investigating in
the further works.
2.3. Dispersive approaches
2.3.1. N/D method The N/D method is derived by Ref.[156] to restore the unitarity
of the pipi partial wave amplitudes. For a single channel scattering, one has
T (s) = N(s)/D(s) . (57)
Here the D(s) function contains the r.h.c. in the physical region and the Castillejo-
Dalitz-Dyson (CDD) poles [185] below the threshold, otherwise it is analytical in the
whole complex s-plane. The N(s) function contains the l.h.c. and it is analytical in the
other region. From unitarity and dispersion relation, one finds
N(s) =
1
pi
∫ 0
−∞
ImLT (s
′)D(s′)
s′ − s ds
′, (58)
D(s) = 1− 1
pi
∫ ∞
sth
ρ(s′)N(s′)
s′ − s ds
′. (59)
Taking Eq. (58) into Eq. (59), and one can rewrite it as
D(s) = 1− 1
pi2
∫
L
ds′ImLT (s′)D(s′)G(s, s′) , (60)
where G(s, s′) is given as
G(s, s′) =
1
(s′ − s)s′
[
−(M2 −m2) ln
(m
M
)
+
√
[(M −m)2 − s′][(M +m)2 − s′]
ln
(√
(M +m)2 − s′ −√(M −m)2 − s′√
(M +m)2 − s′ +√(M −m)2 − s′
)]
+ {s↔ s′} . (61)
Note that ‘m, M’ represent for the two unequal masses of the particles in the scattering.
The G(s, s′) function could be reduced to a simpler form for two equal mass (m) particles
G(s, s′) =
ρ(s′)
s′ − s ln
(
ρ(s′)− 1
ρ(s′) + 1
)
+ {s↔ s′} , (62)
with ρ(s′) =
√
1− 4m2/s′.
In some analyses, one can use the Omne`s function instead of the inverse of the D(s)
function. Hence one can write the dispersion relation as T (s) = P (s)Ω(s) [186, 142],
where P (s) contains l.h.c. too, to be discussed in next sections. The N/D method has
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also been used in the context of χPT already in, for instance, Refs.[175, 187], and they
are indeed classified as UχPT in this review. Also one can use χEFT to constrain the
l.h.c.. With the constraint on l.h.c., the D function could be solved once there is enough
data given in the physical region, following Eq. (60). One may also need to include the
CDD poles [185] in the D function,
D(s) =
∑
i
gi
s− si + 1−
1
pi
∫ ∞
sth
ρ(s′)N(s′)
s′ − s ds
′, (63)
These CDD poles correspond to zeros in the T amplitude. It is difficult to describe
the pipi scattering amplitude in the low energy region in lack of the CDD poles [185].
Indeed, the Adler zeros of the S-waves could be written in terms of the CDD poles in
the D(s) function. For the vertex function F(s), one has the same formalism but the
N(s) function is different.
F(s) = f(s)/D(s) . (64)
The N/D formalism could be generalized to the coupled channel case. The coupled
unitarity requires that the scattering amplitude Tij and the vertex function Fj satisfy
1
2i
[Tij(s+ i)− Tij(s− i)] =
∑
k
ρk(s)Tik(s− i)Tkj(s+ i) ,
1
2i
[Fj(s+ i)− Fj(s− i)] =
∑
k
ρk(s)Fk(s− i)Tkj(s+ i) . (65)
One could define the dij as the (i-th,j-th) component of the D matrix and has
dij = δij − 1
pi
∫ ∞
si
ds′
ρi(s
′)Nij(s′)
s′ − s . (66)
The dij function is analytical except for the cut starting from threshold si, and one has
Tij =
∑
k
Nik(s)D(jk)
D
, (67)
with D = det(dij). D(jk) is the cofactor of the D matrix, and one has δijD =
∑
k dikD(jk).
The vertex function could be represented as
Fj(s) =
∑
k
fkD(jk)
D
, (68)
with fk an analytical function.
2.3.2. Roy and Roy-Steiner equations Roy equation supposed by [188] is built from
fixed-t dispersion relation on the scattering amplitude, including the crossing relation
which is used to connect the amplitudes in s-u channel crossing. It should be noted
that a similar representation of piN scattering based on fixed-t dispersion relations were
indeed formulated by Refs.[189, 190, 191], too. The merit of this method is that the
unknown l.h.c. could be expressed by the r.h.c. in the physical region of partial waves.
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Single channel unitarity is also well imposed by keeping the real part of the partial wave
amplitudes the same as what is calculated by the phase shift directly. Notice that in
elastic region, the whole amplitude is known due to unitarity once the phase shift is
given. After the pioneering paper [188], it has been soon applied to the pipi scattering
[192, 193, 194, 195]. In Ref. [193] it is used to check the iso-scalar S-wave phase shift
near the K¯K threshold and is helpful to solve the up-down ambiguity. In Ref.[196] it
performs a Roy equation analysis on pipi phase shift and extracts the LECs l¯1, l¯2 of the
‘modern’ SU(2)× SU(2) χPT.
In the original paper [188], combining analyticity, unitarity, and crossing symmetry,
it finds a set of non-linear integral equations for the partial waves. The pipi scattering
amplitude could be expressed as T (s, t), from Roy equation it could be expressed as
~T (s, t) = g1(s, t)~a+
∫ ∞
4m2pi
ds′[g2(s, t, s′)Im~T (s′, 0) + g3(s, t, s′)Im~T (s′, t)] ,
(69)
where the ‘vector’ represents the matrix form in the order of isospin I = 0, 1, 2, a is the
scattering length, and the gi functions are written in the matrix form as [188]:
g1(s, t) = s(1− Csu) + t(Cst − Csu) + 4Csu ,
g2(s, t, s
′) = Cst
(
1 + Ctu
2
+
(2s+ t− 4m2pi)(1− Ctu)
2(t− 4m2pi)
)
1
pis′2
[
t2
s′ − t +
(4m2pi − t)2Csu
s′ − 4m2pi + t
− 4tm
2
pi + 4m
2
pi(4m
2
pi − t)Csu
s′ − 4m2pi
]
,
g3(s, t, s
′) =
1
pis′2
[
s2
s′ − s +
u2Csu
s′ − u −
(4m2pi − t)2
s′ − 4m2pi + t
(
1 + Csu
2
+
(2s+ t− 4m2pi)(Csu − 1)
2(t− 4m2pi)
)]
.
(70)
Here the crossing matrix are given as:
Cst = Cts =
 1/3 1 5/31/3 1/2 − 5/6
1/3 − 1/2 1/6
 , (71)
Csu = Cus =
 1/3 − 1 5/3−1/3 1/2 5/6
1/3 1/2 1/6
 . (72)
They are involved to the crossing relations relating the s- and t-channel pipi scattering
amplitudes
T It(s, t) =
2∑
I′s=0
C
ItI′s
st T
I′s(s, t) . (73)
The absorption part of the amplitudes could be expressed by the partial wave amplitudes
Im~T (s, t) = 64pi
∞∑
l=0
(2l + 1)Im~Tl(s)Pl
(
1 +
2t
s− 4m2pi
)
. (74)
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Note that from Eq. (74) there should be an infinite set of partial waves, but in practice,
it is convenient to keep only the S- and P-waves for the pipi scattering, and the higher
partial waves are much smaller and they could be ignored. In Ref.[197], some higher
partial waves, such as the D- and F-waves, are included in the Roy equations, but
with a bit more complicated formalism. It should also be noted that less subtractions
(once-subtracted dispersion relation) have been used by [198]. It is also called GKPY
equations sometimes in the literature.¶. For the subtraction constants, one could use
χPT to constrain it. On the other hand, the low energy amplitudes of χPT could be
represented by polynomials of Mandelstam variables s, t, u, exactly the same form as
the subtraction constants in the dispersion relation. With this constraint, the accurate
pole location of σ is obtained by [200]. If there is only one subtraction constant, there
will be less constraint from the low energy χPT amplitudes but the experimental data
compensate for determining the pole locations. What is more, the NA48/2 data [201]
are much more precise than the previous data, hence accurate pole locations of σ by
Roy equations [202] and by Roy-like equations [198] are available.
For unequal mass case, things are more complicated as the t-channel physical cut
is different from the s-channel one and the crossing relations would give less constraints
due to the loss of some symmetry of identical particles. The Roy-Steiner equation
[188, 191] is supposed and has been applied to many scattering processes with unequal
mass particles, e.g. piK → piK [203, 204], piN → piN [205] and γγ → pipi [206] scattering
processes, etc. These equations work efficiently in elastic region. There are different
ways to write the Roy-Steiner equation. As an example, in piK scattering, the relative
κ resonance pole is quite far away from the real axis of the s-plane. Thus it would be
more convenient to choose the fixed-us (or the so called hyperbolic) dispersion relation
rather than the fixed-t one, where the domain of the former is larger in the direction of
‘Ims’ and thus it makes sure that the pole in the RS-II locates in the working domain
[204]. The piK scattering amplitude could be redefined as [207]
F+(s, t) =
1
3
F Is=1/2(s, t) +
2
3
F Is=3/2(s, t) =
1√
6
F It=0(s, t) ,
F−(s, t) =
1
3
F Is=1/2(s, t)− 1
3
F Is=3/2(s, t) =
1
2
F It=1(s, t) , (75)
and the partial wave expansion in the s-channel is given as
F Is(s, t) = 16pi
∑
l
(2l + 1)Pl(zs)f
Is
l (s) . (76)
With s− t crossing, the partial waves of pipi → K¯K scattering amplitudes are
F It(s, t) = 16pi
√
2
∑
l+It even
(2l + 1)[qpi(t)qK(t)]
lPl(zt)g
It
l (t) . (77)
To give an impression about the approach, we list some of the Roy-Steiner equations of
¶Note that the limits of the number of subtractions have been discussed in Ref.[199], where it is
pointed out that the number of subtractions in fixed-t dispersion relation should not be larger than 2,
with the requirement of Froissart bound.
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the piK scattering in the hyperbolic form. They are given as [203]:
Ref
1
2
l (s) = k
1
2
l (s) +
1
pi
∫ ∞
4m2pi
dt′
{
K0l0(s, t
′)Img00(t
′) + 2K1l1(s, t
′)Img11(t
′)
}
+ d
1
2
l (s)
+
1
pi
P.V.
∫ ∞
m2+
ds′
∑
l′=0,1
{(
δll′
λs
(s′ − s)λs′ −
1
3
Kαll′(s, s
′)
)
Im f
1
2
l′ (s
′) +
4
3
Kαll′(s, s
′)Im f
3
2
l′ (s
′)
}
,
Ref
3
2
l (s) = k
3
2
l (s) +
1
pi
∫ ∞
4m2pi
dt′
{
K0l0(s, t
′)Im g00(t
′)−K1l1(s, t′)Im g11(t′)
}
+ d
3
2
l (s)
+
1
pi
P.V.
∫ ∞
m2+
ds′
∑
l′=0,1
{(
δll′
λs
(s′ − s)λs′ +
1
3
Kαll′(s, s
′)
)
Im f
3
2
l′ (s
′) +
2
3
Kαll′(s, s
′)Im f
1
2
l′ (s
′)
}
,
and gIJ(t) are those of the pipi → KK¯ scattering partial waves in the hyperbolic form.
Here only S- and P-waves are taken into account. The r.h.c. could be obtained by fitting
to the experimental data of phase shift and inelasticity, then by a fitting procedure to
make sure the amplitude calculated in the left side of the equality will reproduce the
same r.h.c., and thus unitarity is implemented, too.
Roy and Roy-like equations give rather accurate pole locations of the lightest
resonances, such as σ, ρ, κ and so on, see e.g. [200, 204, 203, 208, 209]. Besides,
the threshold parameters such as scattering length and slope parameter, which could
be expressed as subtraction constants, can also be well extracted by Roy and Roy-like
equations.
2.3.3. PKU factorization A production representation, being called PKU
factorization, is supposed by [210, 211, 212]. It is based on dispersion relation and
a factorization on the S matrix. The S matrix could be represented as
S(s) = F˜ (s) + iρ(s)F (s) , (78)
where
F (s) =
1
2iρ(s)
(S(s)− 1
S(s)
) , F˜ (s) =
1
2
(S(s) +
1
S(s)
) , (79)
and
ρ(s)F (s) = sin 2δ , F˜ (s) = cos 2δ . (80)
The F (s) and F˜ (s) could be written in dispersion relations as
F (s) = α +
∑
poles +
1
pi
∫
L
ImLF (s
′)ds′
s′ − s +
1
pi
∫
R
ImRF (s
′)ds′
s′ − s ,
F˜ (s) = α˜ +
∑
i
βi
2(s− si) +
∑
j
1
2S ′(zIIj )(s− zIIj )
+
1
pi
∫
L
ImLF˜ (s
′)ds′
s′ − s +
1
pi
∫
R
ImRF˜ (s
′)ds′
s′ − s , (81)
which clearly separate the contributions of poles and the cuts, including the l.h.c. and
inelastic r.h.c.. It is worth pointing out that the inelastic r.h.c starts from the inelastic
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threshold since the elastic cut has vanished due to the definitions. It is not difficult to
find that the S-matrix could be written as
S(s) = cos[2δ(s)] + i sin[2δ(s)] , (82)
and it satisfies the analytic continuation of the single channel unitarity relation (S†S =
1) to the complex s-plane,
cos2[2δ(s)] + sin2[2δ(s)] ≡ 1 , (83)
which is called the generalized unitarity relation and holds on the entire complex s
plane.
One could also extract out the parts of poles and cuts and parameterize the S
matrix as a product of them:
SPhys. =
∏
i
Spolei · Scut . (84)
It is easy to prove that the cut part, Scut, still satisfy the generalized unitarity, one
could parametrize it as:
Scut = e2iρ(s)f(s) ,
f(s) = f(0) +
s
pi
∫
L
ImLf(s
′)ds′
s′(s′ − s) +
s
pi
∫
R
ImRf(s
′)ds′
s′(s′ − s) . (85)
For simplicity the subtract point could be chosen at s = 0, and it is proved that
f(0) ≡ 0[213]. The poles could be clarified as bound states below threshold on the RS-I,
virtual states and resonances on the RS-II. They could be respectively parameterized
as:
Sb(s) =
1− iρ(s) | a |
1 + iρ(s) | a | ,
Sv(s) =
1 + iρ(s) | a |
1− iρ(s) | a | ,
SR(s) =
M2[z0]− s+ iρ(s)s G[z0]
M2[z0]− s− iρ(s)s G[z0] , (86)
where
M2[z0] = Re[z0] + Im[z0]
Im[z0ρ(z0)]
Re[z0ρ(z0)]
,
G[z0] =
Im[z0]
Re[z0ρ(z0)]
. (87)
In this approach, unitarity and analyticity are ensured, and crossing symmetry is
included by implementing the BNR relations [214, 215], which describe the crossing
relations between the pipi scattering partial wave amplitudes. The χEFT could supply
the l.h.c as well as the low energy amplitudes. They could be input into the Scut. Since
χEFT only works in the low energy region, there could be some uncertainty due to the
distant l.h.c., though one expects that it be strongly suppressed. This approach reveals
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that the σ meson is essential to adjust χPT to experiment, see Ref. [211], where it is
shown clearly that the l.h.c. will give negative phase shift and thus one always need
a σ pole to fit to the Ke4 decay [216] well. PKU factorization presents the additive
phase shift contributions from different poles and cuts and successfully elaborates the
existence of σ and κ in a model-independent way [210, 212], with generalized unitarity,
analyticity and crossing relations, but it is still not clear how to generalize it to the
coupled channel case.
2.3.4. Representations with Omne`s functions Omne`s function [217] gives a general
solution of singular integral equation. For instance, for the pipi scattering, the partial
wave amplitude could be expressed as
T IJ (s) = P
I
J (s)Ω
I
J(s), (88)
where the Omne`s function is defined as:
ΩIJλ(s) = exp
(
s
pi
∫ ∞
sth
ds′
ϕIJλ(s
′)
s′(s′ − s)
)
. (89)
In a simplified case, the l.h.c. and distant r.h.c. could be absorbed into the polynomials
while the r.h.c. is included in the Omne`s function. The single channel unitarity has been
kept and the analyticity could be kept in the physical region. The F IJ(s) amplitude of
the process scatters/decays into the channels of T amplitude, for example, the γγ → pipi
amplitude, could be expressed as
F IJ(s) = P˜ IJ (s)ΩIJ(s). (90)
The Watson theorem requires that phase of the F IJ(s) amplitude and that of the
Omne`s function should be the same under the inelastic threshold. By twice subtracted
dispersion relations, the S-waves of γγ → pipi amplitude could be expressed as
F I00(s) = BI00(s) + bIs ΩI00(s) +
s2 ΩI00(s)
pi
∫
L
ds′
Im
[LI00(s′)]ΩI00(s′)−1
s′2(s′ − s)
− s
2 ΩI00(s)
pi
∫
R
ds′
BI00(s′) Im
[
ΩI00(s
′)−1
]
s′2(s′ − s) . (91)
For coupled channel case, we could use the Muskhelishivili-Omne`s (MO) function,
see Ref.[218] and references therein. In the matrix form it has
ImT¯ IJ (s) = Ω¯
I∗
J (s)ρT¯
I
J (s) ,
where the symbol ‘bar’ represents for the matrix form and the MO function contains
Ω¯(s) only the r.h.c. as
Ω¯IJ(s) =
(
ΩIJ11(s) Ω
I
J12(s)
ΩIJ21(s) Ω
I
J22(s)
)
.
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The coupled channel unitarity could be expressed as
ImΩ¯IJ(s) = Ω¯
I∗
J (s)ρ(s)T¯
I
J (s) .
The F IJ(s) amplitudes of the processes, related to the FSI of these channels, for instance,
the γγ → pipi, K¯K amplitudes, could be expressed by once subtraction dispersion
relations
~F(s) = ~F(0)Ω¯(s) + s
pi
∫
L
ds′
ImL[ ~F(s)]Ω¯−1(s)
s′(s′ − s) Ω¯
∗(s)ρ(s)T¯ (s) ,
where the symbol ‘vector’ denotes a matrix formalism, and the scattering/decaying
amplitude of certain channels relate to the amplitude T . The ImL[ ~F(s)] contains the
l.h.c.. In practice, the l.h.c. in the above equation has to be input. Here we employ
χEFT results which automatically respect crossing symmetry. It could be partly from
loops of light pseudoscalars (such as pions and kaons) or exchanging resonances in
the crossing channels. The former could be calculated by χPT and the latter by the
phenomenological Lagrangian or by the Resonance chiral theory (RχT) within 1/NC
expansion. For instance, in Refs.[142, 218, 62], the l.h.c. of the γγ → pipi is simulated
by the resonance exchange which appears in the t-channel, where the resonances with
masses smaller than 1.3 GeV are all included.
There are some other methods using Omne`s function to develop the techniques of
solving the scattering amplitude of single channel scattering. In Ref.[219] a dispersion
relation for lnT (s) is presented, and the partial wave amplitude is given as
T IJ (s) = T
I
J (s0)Ω
I
JL(s)Ω
I
JR(s) , (92)
where the phase (rather than the phase shift) is used to get the Omne`s function.
Combining unitarity, it finds a representation for the T IJ (s) amplitude in the elastic
region
T IJ (s) = −
Im[ΩIJR(s)
−1]ΩIJR(s)
ρ(s)
. (93)
Notice that Eq. (93) also works for the coupled channel case in the physical region. Here
the phase for the l.h.c. is correlated with that of the r.h.c. in the elastic region
ΩIJL(s) = −
Im[ΩIJR(s)
−1]
ρ(s)T IJ (s0)
. (94)
One then could calculate the two-body scattering partial wave amplitude by two steps:
Using Eq. (93) to fit the Omne`s function of the r.h.c. to experimental data, and then use
Eq. (94) and other constraints below the threshold to fix the l.h.c. part. This method
is somehow similar to the N/D method, but it is much easier to do the numerical
calculation and the l.h.c. is clearly given in terms of the phase too. Of course, taking
into account the obvious constraint of the crossing relations between partial waves is
necessary and needs further study.
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3. Hunting for hadron states
3.1. Light scalar mesons
The lightest scalars (σ, κ, f0(980) and a0(980)) are rather interesting [220, 221, 222,
223, 224]. In particular, the isoscalar scalar mesons have the same quantum numbers as
that of the QCD vacuum. On the other hand, the heavier scalars (f0(1370), f0(1500),
K∗0(1430), and a0(1450) ), though it is still controversial, are more likely to be qq¯ states,
while the light ones are not of such structure. The lightest scalars referring to pipi, piK,
piη scattering and there are lots of measurements about these processes. To extract
the pole information and coupling, one also needs to do partial wave decomposition.
The final-state interactions of the scattering partial wave amplitudes referring to these
resonances are important to study the lightest scalars [140, 141]. χEFT could give
information about the amplitudes in the low energy region with respect to Lorentz
invariance, gauge symmetry, crossing symmetry, discrete symmetries etc. However, as
argued before, there are unknown couplings which need to be determined in the χEFT,
hence one needs both experimental data and theoretical principles to constrain these
LECs‖. Methods based on the dispersion relation is necessary to extend the amplitude
from low energy region to higher ones. Combination of χEFT and dispersion relation
makes great progress in the study of the lightest scalars in the past decades.
Naturally, dispersion relation could include the contribution of FSI, for recent works
on the dispersion relations referring to the pipi re-scattering, see e.g. [142, 145, 146].
For the σ and κ, their masses are not faraway from the pipi/piK threshold, but their
widths are rather large. This makes extracting the pole information of these resonances
to be difficult. One needs dispersion relation to continue the amplitude from the
real axis to the deep complex-s plane, including FSI. χPT is able to constrain the
amplitude in the low energy region, especially near and below the threshold. Indeed,
the chiral expansion converges best inside the Mandelstam triangle region, see e.g. the
discussion in Ref.[225]. Meanwhile the threshold parameters, scattering lengths and
slope parameters, could be well predicted. The l.h.c. can only be calculated directly
by the χEFT and it is a key point to combine dispersion relation and χEFT. For the
σ and κ, the inelastic channel (K¯K or ηK) is faraway and thus one only needs to deal
with single channel scattering. The Roy and/or Roy like equations, PKU factorization
and other dispersive approaches are such powerful tools as they keep unitarity, crossing
symmetry and analyticity. The very existence of the σ and κ has been confirmed by
PKU factorization in Refs.[211, 212, 210] and by Roy equations in Refs.[226, 204], and
their pole locations (and also the couplings) have been given in Refs. [200, 203, 209].
However, the inner structure of these resonances are still unknown. Notice that the κ
has at least the structure such as d¯s, so it can not be a glueball. Considering that the
similarity between the σ and κ, it is very likely that the σ is not a glueball, too. It may
‖It is worth to point out that the LECs nowadays can also be determined from lattice QCD, see
e.g. Ref.[19] and references therein.
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be more suitable to conclude what the σ and κ are not rather than what they are [224].
For the f0(980), it is around the KK¯ threshold and thus far beyond the working region
of the χPT, but the resonance is much narrower, thus other unitarization methods such
as K-matrix and UχPT could work well. The f0(980) is narrower than the σ, but it is
around the KK threshold, thus one needs coupled channel method to deal with pipi−K¯K
coupled channels. For the a0(980), there is no data of the phase shifts and inelasticity,
and it is not so narrow as that of the f0(980). All these increase the difficulty to study
its property. Efforts are needed from both the experimental and theoretical sides. So
far, none of the lightest scalars behaves like a normal qq¯ state. There are various kinds of
models [227, 174, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241, 242]
trying to reveal the nature of the scalars, but their nature is still a mystery.
3.1.1. σ: from pipi scattering pipi scattering has been studied for more than 70 years, so
why is it still so important? Pion is the lightest hadron and it is common to find a pair of
pions in the final states. What is more, for several pions in the final states, for instance
three pions, the two pion scattering amplitudes are the basics to study the three pions
FSI. An example on the three body decay of η → pipipi in the Khuri-Treiman equation
could be found in [147]. Besides, the two pseudoscalar meson scattering is one of the
best way to test χPT, which is constructed by chiral symmetry, discrete symmetries,
etc.. On the other side, the lightest scalars, especially the σ, appear as the intermediate
states in the pipi scattering are rather important. The σ has the same quantum number
as that of the vacuum and could be important for understanding how the hadrons get
masses. As early as 1955, Johnson and Teller proposed an isospin zero scalar exchange
in the inter-nucleon interactions [243]. It is now called σ. Later Gell-Mann and Levy
introduced the linear σ model [244] where the σ is a scalar singlet and pions appear
as the pseudoscalar Goldstone bosons due to spontaneous chiral symmetry breaking
(SχSB) of SUL(2) × SUR(2). However, its prediction on the mass and width of the σ
has large difference from what it should be. Also the model is not accurate enough to
describe the low energy pi-pi scattering. Thus the linear sigma model is not considered
as the faithful EFT of low-energy QCD and the σ particle had disappeared in the PDG
for many years ∗∗. Nevertheless, there are many phenomenological analyses, such as
the unitarized meson model [227], unitarized quark model [248], and the interference
model [249], Lippmann-Schwinger equation [250] etc., reveal that the low energy pi-pi
scattering phase shifts should be contributed by a light broad σ state. In 1980s the
χPT is extended up to SU(3)× SU(3) [7, 8] and it is quite successful in describing the
low energy pipi scattering. It is now considered as the most efficient EFT to describe
the low energy strong interactions, and of course it supports important information
∗∗We are aware that after unitarization, the linear σ model finds that the σ should persist if the
meson loop diagrams are accounted for [245]. This is also discussed in the three flavor linear sigma
model [246], where unitarization is important to dress the ‘bare’ mass and width to lighter and wider
ones. A study of quark-level linear sigma model claims that the σ and pi are ‘chiral partners’ [247]. All
these works, qualitatively rather than quantitatively, suggest the existence of the σ.
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about the σ. From Roy equation this is obvious. The two subtractions of the Roy’s
dispersion relations should be matched to the χPT in the low energy region. In some
other dispersive approaches, the l.h.c. needs to be predicted/constrained by χPT, too.
Since χPT only works in the low energy region, but usually the resonances lie
near the higher energy region, one thus needs different methods to extend the working
region of χPT. On the other hand, to find the pole locations, one needs to continue
the amplitude to the complex-s plane. This is done along the unitarity cut and thus
UχPT are applied to accomplish the unitarization and extracting poles. It is worth
pointing out that in UχPT, the ρ and σ are not written directly in the Lagrangian, but
they are found simultaneously in the RS-II when the unitarization is applied. As is well
known, the ρ has been recognized as a resonance for a long time. This also gives an
evidence of the existence of the σ provided that UχPT describes the S-wave as well as
the P-wave. In UχPT methods, Ref.[159] find the σ pole location at 440 − i245 MeV
within IAM, and Ref.[160] gives similar σ pole location but the width is a bit smaller
for the IAM-III case. With Pade´ approximation Refs.[164, 251] both find a σ pole in the
RS-II. It is also interesting to note that the companion shadow poles are found in these
two works, with pipi−K¯K or pipi−K¯K−ηη coupled channels. This confirms the sizable
qq¯ component. In Ref.[144], the U(3) χPT is unitarized by an N/D method and the σ
is found at similar position, but with the width a bit larger and closer to that of the
accurate Roy analysis [200]. In all these papers, the pole in the RS-II has been found
after unitarization, the masses of the σ are quite close to what is obtained by dispersive
approaches such as Roy equation, but the widths are smaller. Note that these results are
sensible to the values of the LECs, and the systematic uncertainty of the LECs should
be taken into account††. This could be one of the reason why the widths are smaller
than that obtained by dispersion relation. In a short word, the UχPT is qualitative
rather than quantitative to study the property of the scalars. Nevertheless, it gives
hints of the existence of the σ and is also helpful to study its property.
The pole information of the σ needs to be extracted from accurate scattering
amplitude. To reach it, one needs high statistics experimental data to constrain the
amplitude. In 1970s, the phase shifts of pipi scattering are given by Protopopescue et.
al. [254] and CERN-Munich group [255, 256, 257]. These phase shifts are above 0.5 GeV
and nowadays people realize that the σ has a low mass (the real part of the pole location
in the RS-II), thus data in lower energy region is necessary. The Ke4 data given by [216]
and the latest Ke4 data in the 21st century [201, 258], especially the latter one, are rather
precise and they are important to determine the σ pole location. Note that in Ref.[201],
the data is so accurate that one needs to consider the isospin breaking. Some of the
phase shift data has been shown in Fig.3. From these data, one still needs a powerful tool
to extract the resonance information in a reliable manner, that is, dispersion relation.
As the σ may not be found by using traditional Breit-Wigner(BW) formalism, see e.g.
Ref.[261], we also need another form to label the resonance except for the BW mass and
††For discussions about the relation between LECs and the resonance parameters, one is referred to
Refs.[252, 253]
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Figure 3. The I=0 S-wave phase shifts of pipi-K¯K coupled channels. The pipi
scattering phase shifts of Ochs are from the CERN-Munich group [255, 256, 257], and
those of the NA48/2 data are from [201]. The pipi → K¯K phase shifts are from Cohen
et.al. [259] and Etkin et.al. [260], respectively. The black lines are taken from a
K-matrix fit [142].
width. As stated in PDG [262], the resonance is also indicated by the T matrix pole
location. For the σ and κ, this is even more urgent due to their large widths, which are
faraway from the real axis of the s-plane and the BW mass and width could be quite
different in different processes. In recent twenty years, the dispersive approaches are
revived and developed. They work rather well to accomplish the task: confirming the
lightest scalars and extracting out their poles from scattering amplitudes.
In Ref.[249], the interfering amplitude method is used and the unitarity has been
implemented. By fitting to the pipi phase shift, the existence of the σ has been confirmed.
They give the resonance information as M = 553.3± 0.5 MeV, Γ = 242.6± 1.2 MeV. In
the analysis, they introduce a negative background phase shift. As will be discussed in
the next sections, it is indeed compatible with the contribution of the l.h.c. of the PKU
factorization. On the other hand, χPT could give constraints in the low energy region,
including the region below the threshold (the l.h.c.) where the experiment (data) can
not reach. With both χPT and experimental data, the dispersive approach combines
all the knowledge we know and makes the deep study of the resonances to be possible.
The PKU factorization [211] is a good approach to combine the experimental data
and resonances together. In this way the contribution of l.h.c, r.h.c and poles are
classified clearly. The pole contributions are explicitly written in the dispersion relation
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and the S matrix is given as
S(z) = α˜ + iαρ(z) +
∑
i
βi
2(z − si) +
∑
i
ρ(z)βi
2ρ(si)(z − si) +
∑
j
ρ(zIIj )− ρ(z)
2ρ(zIIj )S
′(zIIj )(z − zIIj )
+
1
pi
∫
L
ImLF (s
′)ds′
s′ − s +
1
pi
∫
R
ImRF (s
′)ds′
s′ − s +
1
pi
∫
L
ImLF˜ (s
′)ds′
s′ − s +
1
pi
∫
R
ImRF˜ (s
′)ds′
s′ − s ,
(95)
One would notice that the contribution from the pole in the RS-II has been included
as zIIj . It is implemented by the reflection property of S(s
∗) = S∗(s) and the analytical
continuation along the unitary cut. The ‘R’ denotes the r.h.c. and starts from the
first inelastic threshold of 4pi, but it can be ignorable below the K¯K threshold. The
contribution of the l.h.c. is shown in Fig.4, from Ref.[211]. In the analysis, the l.h.c.
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Figure 4. Fit to the phase shifts of isoscalar S-wave of pipi scattering [211]. The
contribution of the l.h.c. with different cut-offs and also a different method (Pade´
approach) are plotted, too. The data is taken from [201, 216].
is calculated from χPT and the cut-offs are adjusted a bit to estimate its uncertainty.
They conclude that the l.h.c. can only supply a negative and concave contribution
to the sin 2δ00, see the declined lines in Fig.4. Since the background contribution of
l.h.c. has a smooth behavior, there should be a resonance in the RS-II to fit the convex
structure of the data. A refined analysis based on PKU factorization gives the σ pole
at 470± 50− i285± 25 MeV [212]. This calculation clearly demonstrates the existence
of the σ resonance in a model independent way, according to analyticity and unitarity.
In a more sophisticated way, one needs to implement all the principles of the QFT
to refine the analysis on scattering amplitude and decompose it according to the partial
wave dynamics. Also it needs to be continued to the complex plane when the width of
the resonance is large. After all these steps could the pole of the resonance be extracted
out exactly. So far the Roy equation plays such a role with all the requirements discussed
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above. For details about Roy-equation, we refer readers to Refs.[208, 224]. Here we only
give a brief introduction about how Roy equation fixes the pole location of the σ for
reader’s convenience. As is well known, the Roy equation is based on fixed-t dispersion
relation and the functions of t needs to be projected into functions of s. With twice-
subtracted dispersion relations, one has
~T (s, t) = ~f0(t) + ~f1(t)s+
s2
pi
∫ ∞
4m2pi
ds′
Im~T (s′, t)
s′2(s′ − s) +
u2
pi
∫ ∞
4m2pi
ds′
CsuIm~T (s
′, t)
s′2(s′ − u) . (96)
With the crossing relation ~T (s, t) = Csu ~T (u, t) and the scattering lengths
T 0(4m2pi, 0) = a
0
0 mpi , T
1(4m2pi, 0) = 0 , T
2(4m2pi, 0) = a
2
0 mpi ,
one could get explicit expressions about the polynomial (subtraction) part, as shown in
Eq. (70). With the partial wave projection of Eq. (74), after a few steps, one would find
the Roy equations of pipi scattering
T IJ (s) = k
I
J(s) +
2∑
I′=0
∞∑
J ′=0
∫ ∞
4m2pi
ds′KII
′
JJ ′(s)ImT
I′
J ′ (s
′) . (97)
For details about the kernel functions KII
′
JJ ′(s), see Refs.[208, 263]. Here k
I
J(s) is the
partial wave projection of the subtraction terms. From it one finds that the l.h.c. has
disappeared and they are represented by the r.h.c. of an infinite series of partial waves.
In Ref.[200] it estimates the contribution of the l.h.c. to the σ pole location, it is
roughly 14%. In Ref.[219] it shows that when the l.h.c. is changed a bit, with unitarity
kept, the variation of the σ is reduced to about 2-3 percents by changing the l.h.c. of
100%. We stress that this does not mean the l.h.c. has small contribution to the σ,
but rather it reveals that the unitarity and analyticity give strong constraint on the
l.h.c. or the crossing relations. This is in compatible with that of Ref.[264], where
the σ is found to be 724 MeV in a generalized linear sigma model, but it could be
refined to 477 − i252 MeV according to unitarization‡‡. For the integration above the
matching point s0 (for example
√
s0 = 0.8 GeV), one needs other models to predict the
integration and taking them as input. It could also be divided into two parts, one is
the intermediate region of s0 < s < s2, where one could choose
√
s2 = 2 GeV. In this
region, the experimental measurement is precise enough now and one could use different
unitary models to fit the data and take them as input, such as analysis by K-matrix
and Breit-Wigner formalism. For the higher energy part s ≥ s2 the integration is small
and Regge asymptotic behaviour could be used to estimate the contribution. One could
also expand the dispersion relations around small s and match it to the results of the
χPT, crosschecking with each other.
The domain where Roy equation works for pipi scattering is restricted in the
region of Fig.5. It is the region where the partial wave expansion of Roy equations
is convergent. The details to calculate the domain of the Roy equation could be found
‡‡This paper also interestingly shows that the σ has 40% of qq¯ and 60% of tetraquark components,
respectively.
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in Ref.[200], and earlier discussions about using the axiomatic field theory could be
found in Refs. [265, 266, 267, 268]. It should satisfy the equation of Lehmann-Martin
Figure 5. The absolute values of the S-matrix for IJ = 00 pipi scattering partial
wave in the domain where Roy equation works. The |S| on the upper half of s-
plane are readily obtainable from the ones on the lower side according to the Schwarz
reflection principle. We calculate it following [200, 269] and add the poles given by
some dispersive analysis. The red dots represent for the poles of the σ and the black
squares for the f0(980). The σ poles given by dispersion relations are taken from Refs.
[200, 202, 209, 212], and the f0(980)’s are taken from Refs.[186, 202, 209].
ellipse [265, 266, 267, 268]:[
x+ s
′−4m2pi
2
]2
[
s′−4m2pi
2
+ 16m
2
pis
′
s′−4m2pi
]2 + y2
16m2pis
′ +
(
16m2pis
′
s′−4m2pi
)2 = 1 ,
[
x+ s
′−4m2pi
2
]2
[
s′−4m2pi
2
+ 16m
2
pis
′
s′−4m2pi
]2 + y2
4m2pis
′(s′−4m2pi)
s′−16m2pi +
[
4m2pis
′
s′−16m2pi
]2 = 1 ,
with x = Re t and y = Im t. The first equation works for 4m2pi ≤ s′ ≤ 20m2pi and
the second one works for s′ > 20m2pi. From it one sees clearly that the σ poles found
by dispersion relations locates inside the domain. Once the accurate partial wave is
available, one could extract the precise pole location of the resonance from it. For
example, it is at 441+16−8 − i272+9−12.5 MeV [200], 445 ± 25 − i278+22−18 MeV [209], and
442+5−8 − i274+6−5 MeV [202] by Roy equations. Prediction of the scattering length is
also an important result of Roy equations, see e.g. Refs.[208, 224, 270]. And for the
pioneering works about it, see references in an early compilation [271]. Another analysis
with less subtractions could find the σ at 457+1413 − i278+11−7 MeV [209] in the RS-II. The
pole locations of the σ by Roy equations are shown in Fig.6. For the graph on the
left side of Fig.6, the pole locations of the σ are given by PDG [262]. It is shown that
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Figure 6. The pole locations of the σ in the T matrix. The result in the left
graph is taken from PDG [262], and the ones shown in the right graph are taken from
Refs.[200, 208, 209, 212, 202, 272] in order. The label ‘CM’ represents for the conformal
mapping formalism.
most of models find the σ poles roughly in the region of Mσ ∼ 400 − 550 MeV and
Γσ/2 ∼ 200− 350 MeV, as shown in PDG [262]. For the poles found with much higher
masses (for instance, 1500MeV), they are indeed caused by the puzzle σ − f0(1370)
mixing, we refer to Refs.[223, 273, 274] and references therein for discussions about it.
For the poles found with much larger widths, it is even outside the region where
the dispersive tools work and thus it is beyond our knowledge. Taking into account
all these constraints (such as symmetry and other principles of QFT), we choose some
results of dispersive approaches to give an impression where the pole locations are most
likely to be§§. From the right graph, a conservative estimate of the σ pole location in
the RS-II is in the region of Mσ ∼ 430 − 470 MeV and Γσ/2 ∼ 260 − 290 MeV. Note
that the high precision pole locations also confirm the existence of the σ (and also κ).
The pole information of the σ are also used to check whether an EFT works well or
not. For instance, in the linear σ model the T matrix pole of the σ is not the same as
what is obtained from Roy equation analyses. It is also worth pointing out that the low
energy constants li of the SU(2) χPT could be well constrained by matching the χPT
amplitudes and those by the Roy equations [226]. Especially the l3 could be important
to understand the chiral quark condensate.
Of course, a view from the whole meson spectrum might shed more light on
the nature of these states including the σ resonance. There is another idea that
the σ and f0(1370) could have some connections so that they can not be treated
independently [275, 248, 235, 276, 277, 278, 242, 181, 279], which is illustrated in a
clear way in a recent progress of a relativistic Friedrichs-Lee (FL) scheme combined
§§We stress that we can not take all the results and only latest dispersive approaches are included.
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with the relativistic quark pair creation (QPC) model [181, 279]. Although it is a model
calculation, unitarity is satisfied and a dispersive relation function could be obtained by
its dynamics.
In the relativistic Friedrichs-Lee-QPC scheme, it is found that, due to coupling
between the scalar (uu¯ + dd¯)/
√
2 state in the quark potential model [280] and pipi
continuum state with the same quantum numbers, σ and f0(1370) are produced at
the same time, which is called two-pole structure in [279]. Although the pole mass of
σ is not so accurate as the values obtained from the dispersive techniques mentioned
above, it has only several parameters to explain the existence of about twenty states.
In this picture, f0(1370) is shifted from the bare (uu¯ + dd¯)/
√
2 state, while the σ is
dynamically generated from the coupling form factor.
Besides the poles’ positions, the scheme also presents a sum rule for phase shifts
contributed by the two-pole structure in single-channel approximation. Usually, there
is no constraint for two independent states. However, it is pointed out in this scheme, if
the two pairs of poles are caused by the same bare state coupling to the continuum state,
they will contribute a total phase shift of 180◦. The phase shift data of the IJ = 00 pipi
scattering provide some hints to this sum rule, because it is quite complicated for being
contributed by both the states generated from (uu¯ + dd¯)/
√
2 and ss¯ states. Suppose
that the sharp-rising contribution of f0(980) be removed, which is suggested to be
dynamically generated state from ss¯ state, the IJ = 00 phase shift of pipi scattering up
to 1.6 GeV is about 180◦. Of course, it is a consequence of single-channel approximation.
To what extent it is violated when multichannel interactions are involved is worth
studying in the future.
In a short summary, χPT combined with dispersion relations could confirm the
existence of the σ. Furthermore, the high statistics datasets referring to pipi final states
are available and the dispersion relation works well to do the partial wave decomposition.
These fix the precise pole location of the σ in the RS-II. This is a typical example that
the experimentalists and theorists improve the result together. Without each of them
it is impossible to refine the knowledge about the σ, which has a wide width and not
faraway from the pipi threshold.
3.1.2. κ: from piK scattering One key reason why the κ caused people’s attention is
that one needs to know the κ to study the property the σ. In standard nonet description
of the lightest scalars (qq¯ state), the κ should appear as the adjoint resonance of the
σ with strange quark component. In another aspect, if the lightest scalar nonet are
qq¯ states, the mass of the κ should be 200 MeV heavier than the isovector a0 state.
However, the lightest isovector 0++ state is the a0(980), so the contradiction of the mass
order is obvious. While if the lightest scalar nonet are interpreted as tetra-quark states,
the mass order could be changed and the κ is in the right position together with the
other scalars [223]. Hence, to study the property of the lightest scalars, one needs to
clarify two things, one is to confirm the existence of them, including the κ; The other
one is to exact out the pole information exactly.
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It would be helpful to give a brief review of the history of the κ. In Ref.[281], the
I = 1/2 scalarK ′ (κ) meson is supposed. Later it is studied by the experiments [282, 283]
and by theoretical efforts [284, 285]. Though these studies are not very successful
to determine the width of the κ, they give evidences to suggest its existence. In
Ref.[222, 286], the κ is suggested to be a tetraquark state. In Ref.[287], the interfering
amplitude method is used to fit to the piK phase shift and the unitarity is implemented.
They show strong evidence of the existence of the κ and give the resonance information
as M = 905+65−30 MeV, Γ = 470
+185
−90 MeV. Note that they are Breit-Wigner mass and
width so that they look to be quite different from the pole information shown in PDG
table [262]. In the analysis, they introduce a repulsive background contributing negative
phase shift. Hence they need the κ resonance to compensate the background and fit
to the experimental phase shift well. Indeed this background is in compatible with the
contribution of the l.h.c. discussed in PKU factorization [211, 210]. In Ref. [288], it rules
out the κ with the pole mass larger than 825 MeV with a model based on conformal
mapping. It should be noted that this is better interpreted as a strong constraint on the
upper limit of the mass, and it is not contradicting with the recent dispersive analysis
where the pole mass is exactly lower than the limit.
On the experimental side, the data from LASS [289] and Ref. [290] gives phase shifts
of piK scattering. Most analysis of different theoretical models are based on these data.
The more recent data from heavy meson decays could also be helpful to study the κ, for
instance, D meson decays of D+ → pi−pi+pi+ from E791 [291] and D+ → K−pi+pi+ from
CLEO [292], and J/ψ decays of J/ψ → K¯∗0(892)K+pi− and J/ψ → K¯∗∓(892)Kspi±
from BES/BESII [293, 294, 295, 296] . These give evidences about the existence of the
κ and they could also be used to refine the theoretical analysis due to the high statistics.
The FOCUS experiment [297] presented that there exist a coherent piK S-wave from
the weak decay of D mesons D+ → K−pi+µ+ν. It helps to determine the piK S-wave
phase shift below 1GeV. Some data of the phase shifts as discussed above are shown
in Fig.7. According to the crossing symmetry, the piK → piK scattering amplitude is
correlated with the pipi → KK¯ scattering amplitude. One thus needs the high-statistics
phase shifts and inelasticity data of pipi → KK¯ [259, 260]. This has already been shown
in Fig.3, where the pipi −KK¯ coupled channel scattering is discussed.
Having these data, one still needs a reliable tool to extract out the resonance
information. The ratio of Γ/M is still large, but it is much smaller than that of the σ.
This could be the reason why the κ could be found without dispersive approaches in
some paper [287, 294, 295], but not in some other papers [248, 298]. Obviously the K
and η mesons containing the s quark and one needs the the SU(3) or even U(3) chiral
symmetry. The relative UχPT approach of the piK scattering is helpful to study the
the property of the κ. For example, in Ref.[160] it finds the κ pole around 750 MeV.
In Ref. [164], a κ pole is found around 670 MeV in RS-II, while in Ref. [251] two poles
are found both in the RS-II and RS-III. The twin pole structure might suggest a Breit-
Wigner origin component. In Ref.[144], the U(3) χPT is used and the κ pole location
is close to that of recent Roy like equations [299]. In all these paper, the pole in the
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Figure 7. The I = 1/2, 3/2 S-wave phase shifts of piK scattering. The LASS phase
shifts are from [289], and that of the Estabrooks et.al. data is from [290].
second Riemann sheet has been found after unitarization, the masses and widths of the
κ are close to that of the Roy-Steiner equations, with deviations up to 100 MeV. These
also give clues of the existence of the κ, since no such a resonance is directly written in
the chiral Lagrangian.
As discussed before, pole parameters are different from the Breit-Wigner mass and
width. The latter in different processes could vary a bit as the background could be
different, but the former is unique and it should be the same in any processes. We
will focus on the dispersion relation approach in the following sections, which is almost
the only model independent way to extend the amplitude to the complex energy plane
and extract out the pole parameters exactly. In Ref.[210], PKU factorization is applied
and gives a strong evidence of the existence of the κ. Like what is done for the σ, the
physical S-matrix is expressed as product of two sub S-matrix parts S = Scut ·∏i Spolei ,
and the cut part is parameterized as Scut = e2iρ(s)f(s) and f(s) is written down with
f(s) = f(s0) +
s− s0
2pii
∫
L
discLf(s
′)ds′
(s′ − s)(s′ − s0) +
s− s0
pi
∫
R
ImRf(s
′)ds′
(s′ − s)(s′ − s0) , (98)
The difference comparing with the case of pipi is that now in ‘L’ there is an extra
circular cut except for the l.h.c.. In this way, not only unitarity and analyticity, but
also crossing symmetry are included through the χPT estimation on the l.h.c. as well as
the circular cut. Again it finds that the l.h.c. part can only support the negative phase
shift and thus one needs the κ to fit the phase shift well. According to their analysis,
the conclusion is model independent supposing that the scattering length of IJ = 1/2, 0
does not deviate too much from that of χPT. Later, the refined analysis [300] is done,
with the subtraction constant be fixed by proving f(0) = 0. The pole location of the κ
is found to be at 694± 53− i303± 30 MeV.
To date, a rather precise work to determine the κ pole is done by the Roy-Steiner
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equation [204, 203]. In their analysis, the fixed-us approach (su = b) is used to write
down the once subtracted dispersion relation for the piK → piK amplitude F+(s, t, u)
as[204]
F+(s, tb(s)) = f
+(b) + tb(s)h
+(b)
+
1
pi
∫ ∞
m2+
ds′
[
2s′ − 2Σ + tb(s)
(s′ − s)(s′ − b/s) −
2s′ − 2Σ− tb(s)
s′2 − 2Σs′ + b
]
ImsF
+(s′, tb(s′))
+
tb(s)
2
pi
∫ ∞
4m2pi
dt′
t′2(t′ − tb(s))ImtF
+(s′b(t
′), t′) , (99)
with
tb(s) = 2Σ− s− b
s
, s′b(t
′) =
1
2
(
2Σ− t′ +
√
(2Σ− t′)2 − 4b
)
.
And it is similar for the F−(s, t, u). The discontinuity functions ImsF+(s′, tb(s′)) and
ImtF
+(s′b(t
′), t′) could be decomposed according to the partial wave projection. They
relate to piK → piK and pipi → K¯K scattering, respectively. After decomposition, the
partial waves are obtained
f
1
2
0 (s) =
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∫ ∞
4m2pi
dt′
∞∑
l=0
{
K002l(s, t
′)Img02l(t
′) +K102l+1(s, t
′)Img12l+1(t
′)
}
, (100)
where f Il (s) is the partial wave of piK → piK and gIl is that of the pipi → K¯K. aI0 is
the scattering length and KIij(s, s
′) is the kernel function could be found in Ref.[204].
The piK scattering amplitudes are also rather important to constrain the LECs in the
SU(3) χPT, see e.g. Ref.[203]. Indeed the LECs of L1,2,3,4 are predicted by matching
the subthreshold expansion parameters of Roy-Steiner equations with that of the χPT.
The amplitudes could be calculated directly in the complex-s plane as the analyticity
is kept by dispersion relation. The working domain of the Roy-Steiner equation (fixed-
us) is shown in Fig.8. It is worth noting that in the fixed-us dispersion relation, the
working domain is significantly enlarged comparing with the fixed-t dispersion relation
along the Ims direction. As shown in Ref. [204], the κ pole, for instance with the pole
location at 0.356±0.024− i0.366±0.023 GeV2 ¶¶, is outside the working domain of the
fixed-t dispersion relation. This problem has been solved by using the fixed-us one. For
Res = 0.356GeV 2, the boundary of the working domain is at Ims ≈ −0.48GeV 2, fairly
below the imaginary part of the pole. Indeed in most of the dispersive researches it is
found that the κ pole locates around the piK threshold (roughly 20.73M2pi or 0.404 GeV
2),
and the boundary of the working domain is roughly at |Ims| ∼ 0.40− 0.48GeV2, being
able to keep the pole location of the κ inside. It is worth pointing out that the S-wave was
¶¶We simply use the error propagation formula to estimate the uncertainty by changing the number
of M − iΓ/2 in Ref.[204] into the form of Res− iIms.
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Figure 8. The domain where Roy-Steiner equation works. It is calculated by the
Lehmann-Martin ellipse. The unit is m2pi. The domain is calculated following Ref.[204],
adding the κ pole locations given by different models. The earlier discussion about
the domain could be also found in Refs. [265, 266, 267, 268]. The poles are taken from
Refs. [204, 274, 300, 301].
not well described below the matching point for the lack of experimental data in the low
energy region, see Fig.7. Nevertheless, unitarity combined with Roy-Steiner equations
compensate for it, hence an accurate pole location extraction of the κ is available.
The pole locations of the κ given by PDG [262] are shown in Fig.9. We also choose
Figure 9. The pole locations of the σ in the T matrix. The result in the left
graph is taken from PDG [262], and the ones shown in the right graph are taken from
Refs.[204, 274, 300, 301] in order.
some dispersive approach to give an impression where the pole locations are. They
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are shown in the right side graph of Fig.9. It is crude to ignore some of the works,
but we can only include some latest ones with dispersive approach. For example, the
pole of the κ is at 658 ± 13 − i279 ± 12 MeV by Roy-Steiner equation [204]. Very
recently, the unsubtracted and subtracted Roy-like equations with hyperbolic (and also
fixed-t) dispersion relation are applied to the piK scattering and they find it to be
650± 7− i279± 16 MeV [299]. A conservative estimation of the pole location of the κ
in the RS-II is in the region of M ∼ 630 − 710 MeV and Γ/2 ∼ 260 − 320 MeV. The
pole locations of the κ are taken from Refs.[204, 274, 300, 301].
There are also other interesting studies referring to the κ. In Ref.[275, 242, 279],
κ and the K∗0(1430) both come from the d¯s state coupling to the IJ = 1/2 0 piK
continuum. κ appears as a dynamically generated pole and the bare d¯s is shifted to
become the K∗0(1430), and both pole’s positions are in coincidence with the values
obtained from the dispersive techniques or experiments. More interesting observation
is that the phase shift of IJ = 1/2 0 piK scattering exhibit a total phase shift of about
180◦ up to about 1.7 GeV, as shown in Fig. 7, which is consistent with the sum rule of
two-pole structure in Ref. [279]. In Ref. [302], whether the κ should be included into
thermal hadronic gas is discussed. It is found that its thermodynamical property is
canceled by a repulsion in the I = 3/2 channel. Thus one could just ignore it at nonzero
temperature. For the latest lattice study, we refer readers to Refs.[303, 304, 305] and
references therein. A combination of dispersive approach with lattice study is necessary
to continue the piK S-wave amplitude to the complex-s plane.
3.1.3. f0(980): from pipi− K¯K coupled channels The f0(980) is much more confident
comparing with the σ. One reason is that its width is much smaller and also there
is a distinct rapid growth of the phase shift around the K¯K threshold, which is a
normal characteristic property of a narrow resonance. Of course, one needs to study the
pipi− K¯K coupled channel and the coupled channel unitarity should to be implemented.
The K-matrix is an explicit and easy way to implement the coupled channel unitarity.
Ref.[141] use K-matrix and AMP method to implement the coupled channel unitarity
and the theorem of FSI. It fits to the pipi phase shifts and inelasticities as well as
various production processes. The width of the f0(980) is found to be narrow as
988 ± 10 − i24 ± 6 MeV in RS-II. They also found one pole in Fit 1 and twin poles in
more favor Fit 2. The situation is quite the same as done in Ref.[306], the T amplitude
is represented similar to Dalitz-Tuan [307] formalism and the AMP method is used
to construct the central production amplitude pp → pp(pipi,KK¯). It separates the
pole term for f0(980) from the background term, and finds a RS-II pole very close to
that of Ref.[141]. It also finds a faraway pole in the RS-III. In the Roy equations,
the coupled channel unitarity is not implemented. But luckily the f0(980) is just
around the K¯K threshold and it is inside the working domain of the Roy equations,
see Fig.5. In Ref.[209], the pole is found at 1003+5−27 − i 21+10−8 MeV by Roy equations
and 996+7−7 − i 25+10−6 MeV with one less subtraction. In Ref.[202] the pole is found at
996+4−14 − i 24+11−3 MeV by Roy equations. All of the poles are in the RS-II as only pipi
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single channel is included.
The pole of the f0(980) is quite close to the real axis, and thus the requirement on
the analyticity could be properly ‘reduced’. Following it the unitarized χPT is a good
way to analyze the amplitude and extract out the information of the resonances, with
unitarity implemented. Taking Pade´ approximation as an example, the coupled-channel
unitarity condition is given as
ImT11 = T11ρ1T
∗
11θ(s− 4m2pi) + T12ρ2T ∗21θ(s− 4m2K) ,
ImT12 = T11ρ1T
∗
12θ(s− 4m2pi) + T12ρ2T ∗22θ(s− 4m2K) ,
ImT22 = T21ρ1T
∗
12θ(s− 4m2pi) + T22ρ2T ∗22θ(s− 4m2K) . (101)
And the [1,1] matrix Pade´ approximation could be constructed as
T = T (2) · [T (2) − T (4)]−1 · T (2) . (102)
Here the T (2) is the pipi − K¯K coupled channel amplitudes of O(p2) and T (4) is that
of O(p4). If T (4)/T (2) is small and do the expansion, one would find that the first two
terms of the T amplitude is T (2) + T (4), restoring the perturbation calculation of χPT
in the low energy region up to O(p4). Notice that the ImT (4) = T (2)ρT (2) and taking
it into Eq. (102) one would find that the unitarity is restored. The SU(3) one-loop
meson-meson scattering amplitudes are calculated in Refs.[308, 309] and the analytical
forms of the partial waves of pipi scattering amplitudes could be found in Ref.[219].
In Ref.[160] and references therein, there is a list about the pole location of the
f0(980) in their Table IV. For instance the f0(980) locates at 994− i14 MeV in the IAM
approximation [174], with smaller masses and widths in the IAM I and IAM III. The
differences are caused by the way to deal with the pion (kaon and η) decay constants
and the LEC L4. In Ref.[164], the Pade´ approximation is used and the f0(980) is found
in the RS-II with pole location of 974− i25 MeV, there is no shadow poles in other RSs.
As stated there, a couple channel Breit–Wigner resonance should exhibit two poles on
different Riemann sheets and meet each other on the real axis when Nc =∞. Hence it
supports the K¯K molecule structure. The single pole structure is the same in a triple
channel (pipi − K¯K − ηη) case [251], but with a much smaller width and a bit larger
mass. All these find poles of the f0(980) in the RS-II, but the position is not stable.
It should be pointed out that in Pade´ approximation or IAM, the amplitude of the
χPT is analytical but the unitarization takes the left hand cut in (−∞, 4m2K − 4m2pi]
of T22 into the other scattering amplitudes. Besides, it introduces spurious poles on
the complex s-plane, and it violates crossing symmetry as the resummation is done
in the s-channel series. Therefore one should be careful to make conclusions on the
output of the unitarized amplitudes. As discussed before, the UχPT methods are more
qualitative rather than quantitative to study the f0(980). Nevertheless, by fitting to
the experimental data, the LECs are fixed and the amplitudes could be used to extract
the poles. Note that in the very beginning only the pseudoscalar mesons (pi, η ,K) are
written down in the chiral Lagrangian and no scalar or vector resonances are included,
thus the poles we extracted also give clues of the existence of the f0(980). However, as
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pointed out by Ref.[310], discussing the physical meaning of a dynamical generated pole
from unitarization amplitude should be rather cautious, as the property of the unitarized
amplitude could be highly model-dependent. Nevertheless, finding poles only in the
RS-II is a clue about the K¯K molecule structure of the f0(980) and indeed exclude a
dominant q¯q bound state component due to the pole counting rule [311].
In another chiral unitary approach [144], the N/D method is used to unitarize the
meson-meson scattering amplitudes within U(3) χPT. It reads
T IJ (s)
−1 = N IJ (s)
−1 + g(s) , (103)
where the g(s) relates to the unitary cut and is given by the dispersion relation
g(s) = g(s0)− s− s0
pi
∫ ∞
sth
ρ(s′)
(s′ − s)(s′ − s0)ds
′ , (104)
with Img(s) = −ρ(s). The N IJ (s) includes the l.h.c., and could be estimated by the
χPT and/or RχT
N IJ (s) = T
I
J (s)
(2)+Res+Loop + T IJ (s)
(2) g(s) T IJ (s)
(2) . (105)
In their analysis, the f0(980) is found to be located at 981
+9
−7 − i22+5−7 MeV. It relates to
pipi − K¯K − ηη − ηη′ − η′η′ coupled channels and there lacks experimental data on the
channels scattering into ηη, ηη′ and η′η′ channels. Hence it is complicated to determine
all the amplitudes. Nevertheless, this work confirms the existence of the f0(980) and are
helpful to determine the pole location and study the f0(980) coupling to the pipi, K¯K
and ηη channels, where the latter two are found to be almost equally large.
In Ref.[249], they give the f0(980) as M = 993.2±6.5±6.9 MeV, Γ = 100 MeV with
the interfering amplitude method where unitarity has been implemented. In Ref.[312],
the Lippmann-Schwinger equation is used to solve the scattering amplitude. They use
a modified Ju¨lich model to describe the potential of the pipi scattering. They found a
single pole of the f0(980) at 1015−i15 MeV in the RS-II. Though the mass is a bit higher
than the K¯K threshold, it will go back to 985 − i0 MeV in the zero pipi/K¯K coupling
limit. This supports the K¯K molecule picture. Very recently Ref.[313] use the on-shell
Bethe-Salpeter equation to solve the pipi− K¯K coupled channel amplitudes. With these
they find the poles are somehow stable by varying the cut-off. For instance, the f0(980)
is at 982.13 + i21.67 MeV, with qmax = 1080 MeV. They have similar conclusion as that
of Ref.[312] about the nature of the f0(980): KK¯ molecule origin. In Ref.[279], in the
single-channel approximation, f0(980) appears to be a bound state just below the KK¯
threshold when the bare ss¯ state is considered to be coupled with the KK¯ continuum.
The bare ss¯ state is regarded to be shifted to f0(1710). But a coupled channel analysis
is required to obtain a more accurate description of IJ = 00 pipi scattering phase shift.
Until then, their argumentations could be reinforced.
As discussed above, the f0(980) is close to the K¯K threshold and also close to the
real axis. On the other hand, there are a lot of data to refine the analysis, both the
phase shifts and inelasticity datasets from Refs. [201, 255, 256, 257, 259, 260] and the
data of scattering/decaying processes relating to the pipi−K¯K FSI, such as the BESIII’s
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invariant mass distribution of J/Ψ→ φK+K−, pi+pi−[314] as well as the BaBar’s Dalitz
plot analysis of D+s → pi+pi−pi+ [315] and D+s → K+K−pi+ [316]. According to Eq. (21),
the φ or pi could be treated as a spectator and thus the pipi and K¯K FSI could be used
to constrain the S-wave amplitudes. Especially the D+s → K+K−pi+ [316] have high
statistics and give more information about the amplitude around the K¯K threshold.
These makes the K-matrix, especially the one with Chew Mandelstam functions, would
be a good way to describe the physics and extract the pole of the f0(980). This is done in
Ref.[142, 186], where the conformal mapping parametrization of the pipi → pipi S-wave
[198] as well as the pipi → K¯K S-wave scattering amplitude analyzed by the Roy-
Steiner equation [203] are included as constraints, too. The effects of isospin breaking,
the mass difference between the neutral and charged kaon, is included by differing the
K+K− and K¯0K0 thresholds rather than treating the kaons as isospin invariant with a
common mass. After all these steps the outcome is a rather precise knowledge about the
f0(980) pole location. It is found at 998±3− i21±3 MeV in the RS-II [186]. According
to the pole counting rule, this supports the molecule structure.
Since the pipi-K¯K coupled channel amplitudes are well determined in Ref.[142], at
least near the real axis, one can extend it to the complex-s plane with dispersion relation.
In Ref.[269], the Omne`s function is calculated by the phase of the pipi scattering instead
of the phase shift, and then the contribution of all the unknown l.h.c. and distant r.h.c.
are absorbed into the polynomials. By fitting to the amplitudes determined well in the
real axis, coupled channel unitarity could be restored. The data of the phase shift and
inelasticity [201, 255, 256, 257, 259, 260] are fitted to constrain the parameters, too.
Besides, the amplitude in the complex-s plane, are constrained by fitting to that of the
Roy equation analysis. All these make the analysis reliable and the working domain
is extended deeper to the complex-s plane comparing with that of the the K-matrix
formalism∗ ∗ ∗. The f0(980) is found to be at 997.7±1.1− i21.7±1.9 MeV in the RS-II.
Later, the Omne`s function of phase is combined with the partial wave dispersion relation
on the lnT (s) and one could solve the two body scattering amplitudes in a simple way.
See in Sec.2.3.4 and the details in Ref.[219]. From that analysis the f0(980) is found
to be at 997.6± 0.1− i20.3± 1.3 MeV in the RS-II. It is shown that the unitarity cut
is much more important than the l.h.c. to determine the pole locations of the f0(980)
and also the σ. There are some other interesting ways to study the light scalars. For
instance in Ref.[264], the f0(980) is found to be 1085 MeV having 95% q¯q¯qq component
with a generalized linear sigma model.
In a short summary, there are various kind of models to conclude that the f0(980)
is to be around the K¯K threshold (992 MeV) and the width is smaller than 50 MeV. It
could make an even more constructive conclusion that the f0(980) is close to the K¯
0K0
threshold (995 MeV) and the width is near 40 MeV. There is always only one pole in
the RS-II (in pipi − K¯K coupled channels) and it is most likely to be K¯K molecule.
∗ ∗ ∗This method is also used to analyze the other partial waves of pipi scattering in Refs.[219, 317, 318].
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3.1.4. a0(980): from piη − K¯K coupled channels The a0(980) appears as the
intermediate states of piη − K¯K coupled channel scattering, with IJ = 10. However,
unlike the f0(980), it does not have data on the phase shifts and inelasticity, which
makes the analysis more complicated and the conclusion not easy to obtain. There
is a pi+η effective mass distribution data from the pp → p(ηpi+pi−)p reaction by
WA76 [319], which could be used to constrain the piη scattering amplitude. In the
past decades, the data referring to the processes that decay/scatter into the piηX has
increased dramatically. For instance the processes of γγ → pi0η [320], φ → pi0ηγ [321],
J/ψ → γηpi0 [322], J/ψ → φηpi0 [323], and χc1 → ηpi+pi− [324, 325]. These are rather
helpful to study the resonances. There is another good point to make things easier,
that is, the total isospin of piη is I = 1, thus the partial waves are roughly one half
less than other processes such as the pipi and KK¯ channels. However, there are still
some difficulties to be conquered. To do a comprehensive amplitude analysis, lots of
the processes need not only the S-wave but also the higher partial waves, but they are
ignored in lots of the analysis except for a few groups such as in Ref. [326].
In the chiral unitary approach, the pseudoscalar meson-meson scattering are
calculated within SU(3) χPT. The analysis of piη scattering up to O(p4) was first
given in Ref.[327]. Then by decomposition of isospin and spin, the partial waves of
allowed quantum number are obtained. This method automatically decomposes partial
waves and also takes into account the chiral dynamics and unitarity. In Ref.[174], the
a0(980) locates at 1055 − i21 MeV in the IAM approximation, while in IAM I there
is no such a pole and the structure is possible to be caused by cusp effects. A pole
of 1117+24−320 − i12+43−12 MeV is found in the IAM II and 1091+19−45 − i52+21−40 MeV in the
IAM III. They are in the RS-II. In the Pade´ approximation [164], it finds a pole at
1131 − i79 MeV in the RS-IV and a very faraway companion shadow pole in the the
RS-III, these two poles will meet each other at the real axis in the limit of large NC .
This reveals the Breit-Wigner origin of the a0(980)† † †. Following it, Ref.[251] confirms
the twin pole structure of the a0(980), but with the width of the a0(980) pole even larger
and the shadow pole a bit closer. In Ref.[144], a N/D chiral unitary approach is used
and they find a pole at 1012+25−7 − i16+50−13 MeV. In Ref.[328], the unitarized U(3) χPT
has been used to extrapolate the lattice simulation of piη scattering (with pion mass
391 MeV) to the physical region. Meanwhile the experimental data of γγ → pi0η has
been fitted to constrain the amplitudes. When the pion mass is fixed to be physical,
they find a pole at 1037+17−14 − i44+6−9 MeV in the RS-II for the leading order case, and
a pole at 1019+22−8 − i24+57−17 MeV on the RS-IV for the next-to leading order case. In
Ref.[329], a K-matrix type chiral unitary approach is used, where the amplitude in the
low energy region is enforced to be matched with SU(3) χPT up to NLO in the low
energy region. Comparing with the normal K-matrix formalism, it reduces parameters
† † †It is worth noting that the pole counting first proposed by Ref.[311] has somehow been generalized
by Refs.[164, 251] as companion shadow poles do not need to be very close to the threshold and they
are related to the pole (being closest to the physical region) in the large NC limit. The companion
shadow poles are always an evidence of the Breit-Wigner component.
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and in fact it only has 6 unknown parameters. With chiral symmetry in the low
energy region and coupled channel unitarity, it finds two poles in their best fit: one
at 994± 2− i25.4± 5.0 MeV in RS-II and the other one at 958± 13− i60.8± 11.5 MeV
in RS-III. Indeed this also supports a Breit-Wiger origin of the a0(980) according to the
pole counting rule [311]. From UχPT, it tends to support the existence of the a0(980),
but the pole location is not stable and we need effort both from the theoretical side to
reduce the model dependence and from the experimental side to have more precise data.
There are some other ways to study the a0(980) in different models. In Ref.[326]
the γγ → pi0η is studied within the Muskhelishvili-Omne`s dispersive approach. The
D-wave is described by a Breit-Wigner formalism where the a2(1270) is included. The
crossing symmetry is implemented by analyzing the η → pi0γγ process together. They
finally find a pole at 1.12−0.07+0.02− i/2(0.28+0.08−0.13) GeV in RS-IV. In Ref.[312], they find the
a0(980) to be at 991− i101 MeV in RS-II by solving the Lippmann-Schwinger equation.
The direct K¯K interaction is not essential for generating such a pole and the piη− K¯K
transition potential is more likely to be the origin of the a0(980). Thus the a0(980) is
suggested to be a dynamically generated threshold effect. Ref.[313] solves the piη− K¯K
coupled channel amplitudes using the on-shell Bethe-Salpeter equation. They find the
a0(980) to be at 974.50 + i57.31 MeV, with qmax = 1080 MeV. The pole is stable by
varying the cut-off. They have similar conclusion as that of Ref.[312] about the nature
of the a0(980). Ref.[330] also finds a clear cusp form of the a0(980) in the piη invariant
mass distribution for the χc1 → ηpi+pi−, with a chiral unitary approach.
In a short word, the pole location of the a0(980) is unstable, and there is no final
conclusion on its nature, i.e., cusp, tetraquark, normal Breit-Wigner resonance, KK¯
molecule, etc.. Different from the f0(980), which is extracted as a resonance pole on
RS-II below theKK¯ threshold in many different analyses, the a0(980) is usually regarded
as a resonance pole on RS-II above the KK¯ threshold with a larger pole width. It is
the threshold effect which leads to a narrow peak below the KK¯ threshold in the piη
events number in Ref. [319], as illustrated in the Flatte´ effect [331]. To get further
understanding about the resonance, one needs more accurate data on the experimental
side where the information of the piη scattering could be extracted out reliably. Also
one needs better understanding about the strong interaction in the non-perturbation
QCD region, too. Urgently one needs more comprehensive partial wave analysis on the
data already measured such as the γγ → piη, φ → piηγ and so on. The process of
Λ+c → pi+ηΛ could be an ideal process to study the a0(980) [332], too. Further more,
the f0(980)− a0(980) mixing [333] reveals new connection between the two resonances.
The high statistics measurements [323] confirms the mixing and would improve the
understanding of the nature of them.
3.2. Light baryon resonances
3.2.1. A subthreshold resonance: from piN scattering Recently, in Refs. [334, 335, 336],
a novel subthreshold resonance named N∗(890) was found in the S11 wave of the piN
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interaction when applying the PKU representation [211, 337, 210, 338, 212, 300] to
analyze the covariant chiral amplitude of elastic piN scattering [95, 96, 100, 101] at low
energies.
In the PKU formalism, partial-wave piN elastic scattering S matrix can be cast as
S(s) =
∏
b
Sb(s) ·
∏
v
Sv(s) ·
∏
r
Sr(s) · e2iρ(s)f(s) , (106)
where the kinematic factor ρ(s) =
√
s− sL
√
s− sR/s with sR ≡ (MN + mpi)2 and
sL ≡ (MN−mpi)2. Here the indices b, v and r stands for bound states, virtual states and
resonances, respectively. The explicit expressions of their contributions to the S matrix
are specified in Eqs. (86) and (87). The exponential term is a background that encodes
the information of left-hand cuts (l.h.c.s) as well as right-hand inelastic cut (r.h.i.c.)
above inelastic thresholds. The branch cuts of the partial-wave pion-nucleon scattering
amplitudes, derived following the method given in Refs. [339, 340], are schematically
drawn in Fig. 10.
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Figure 10. Schematic drawing of the branch cuts of the partial wave piN elastic
scattering amplitude on the s plane. The cuts are represented by the blue thick lines
and the blue circle. The right hand cut corresponds to the line [sR,+∞), while the
others are left hand cuts. The gray disk indicates the BχPT valid region constrained
by the convergence radius rχ ∼ m2R − sχ, where sχ = M2N +m2pi and mR is pole mass
of the Roper resonance. In addition, the dashed circle is drawn with rχ estimated by
the ∆ resonance. The symbol sc denotes the intersection of the on-axis left-hand cuts
and the BχPT convergence circle. The pair of heavy gray ellipses represents the pole
position of the N∗(890) resonance.
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The function f(s) satisfies the following dispersion relation,
f(s) = − s
pi
∫ sL
sc
ln |S(s′)|ds′
2ρ(s′)s′(s′ − s)
+
s
pi
∫ θc
0
ln[Sin(θ)/Sout(θ)]
2iρ(s′)(s′ − s) |s′=(M2N−m2pi)eiθ
dθ
+
s
pi
∫ M2N+2m2pi
(M2N−m2pi)2/M2N
Arg[S(s′)]ds′
2is′ρ(s′)(s′ − s)
+
s
pi
∫ Λ2R
(2mpi+MN )2
ln[1/η(s′)]ds′
2ρ(s′)s′(s′ − s) , (107)
where Sout and Sin are the S-matrix along the circular cut calculated from outside and
inside, respectively. Here 0 < η < 1 is the inelasticity along the r.h.i.c. ranging from
(2mpi + MN)
2 to infinity. Furthermore, sc, θc and ΛR are cut-off parameters for the
kinematical cut (−∞, sL], the circular cut and the r.h.i.c., in order. In practice, the
first three terms, i.e. the left-hand cut contributions, can usually be estimated by BχPT,
while the last term is calculated using experimental data on the inelasticity [341]. For
S11 wave, contributions from know poles (N
∗(1535), N∗(1650) and N∗(1895)), left-hand
cuts and right-hand inelastic cuts were computed numerically as shown in Fig. 11. Note
that the l.h.c contribution is estimated using the O(p3) chiral amplitude obtained from
covariant BχPT. It can be seen that their sum of known contributions differs from the
data which is unable to resolved by fine-tuning parameters in the numerical analysis.
This issue can be addressed by adding a hidden pole contribution in the production
representation. In addition, the parameters of the hidden pole should be determined by
fitting data. Such a procedure leads to the novel subthreshold resonance N∗(890) with
the pole position being [336]
√
zr = (895± 81)− i (164± 23) MeV. (108)
It should be stressed that the pole position is quite stable against the cutoff parameter
sc. The fitting results change slightly for sc ∈ [0.08, 25.0] GeV2.
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Figure 11. Left panel: known contributions vs data [205] (sc = −0.08 GeV2). Right
panel: fits to the data with different cut-off parameter sc.
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The possible existence of the N∗(890) resonance is owing to a proper incorporation
of l.h.c. and r.h.i.c cut contribution. An improved implementation of analyticity is
made compared to other unitarization methods. This is verified in Ref. [342] that the
N∗(890) resonance still keeps its existence even in a K-matrix parametrization if a better
treatment of analyticity is executed. Though the existence of N∗(890) is guaranteed
by the requirements of analyticity and data, it still deserves further investigation on
its nature. In Ref. [343], the couplings of N∗(890) to the γN and piN systems were
extracted using a dispersive representation of the process γN → piN . It is found that,
compared to N∗(1535), N∗(890) couples more strongly to the piN system. It is also
worth noting that the N∗ resonance might be a candidate for members of S-wave baryon
octet (including hyperon Σ(1480) and Ξ(1620)), proposed by Azimov and denoted by
N ′ therein [344, 345], and searched for in despair for 50 years since then‡ ‡ ‡.
3.2.2. Λ(1405): from K¯N scattering The Λ(1405) was interpreted as a dynamically
generated resonance, emerging in the coupled meson-baryon channels with strangeness
S = 1 and isospin I = 0, by Refs. [346, 347, 348], into which continuous efforts have
been devoted in order to gain more insights in the past years, see e.g. Ref. [349].
Utilizing chiral effective theory and non-perturbative resummation techniques, modern
partial wave analyses of the SU(3) meson-baryon interaction has obtained impressive
interpretation on the nature of the Λ(1405) state and the related experimental
data [350, 351, 352, 353, 354, 355, 356, 357, 358].
A first study of the pole structure of the Λ(1405) within the context of chiral
dynamics at lowest order was done in Ref. [352]. The LO chiral φiBa → φjBb amplitudes
reads
VLO(ij, ab) = Vs(ij, ab) + Vd(ij, ab) + Vc(ij, ab) , (109)
where the subscripts correspond to seagull, direct and crossed diagrams. The amplitudes
Vs,d,c can be obtained straightforwardly from the LO chiral effective Lagrangians and
their explicit expressions are given in Eq.(3) of Ref. [352]. The S-wave partial wave
potential is simply given by
VLO(s) = 1
8pi
2∑
σ=1
∫
dΩVLO(s,Ω;σ, σ) , (110)
which is just a perturbative quantity and usually violates unitarity. To restore unitarity,
an approach was deduced by the authors of Ref. [352] as demonstrated below. Partial
wave unitarity ensures that the inverse of the realistic S-wave amplitude, denoted by
T (s), should satisfy
ImT−1(s)ij = −ρ(s)iδij . (111)
with ρi ≡ qi/(8pi
√
s) and qi is the modulus of the c.m. momentum. Hence one can write
‡ ‡ ‡We would like to thank Igor Strakovsky for pointing out the related information on the N ′ state.
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a once-subtracted dispersion relation for the ImT−1(s), which is
T−1(s)ij = T −1(s)ij − δij
{
a˜i(s0) +
s− s0
pi
∫ ∞
si
ds′
ρ(s′)i
(s′ − s)(s′ − s0)
}
≡ T −1(s)ij + g(s)i δij . (112)
Here T −1(s)ij indicates other contributions coming from local, pole terms and crossed
channel dynamics but without right-hand cut, and g(s)i is actually can be identified to
the familiar scalar loop integral:
g(s)i = i
∫
d4q
(2pi)4
1
(q2 −M2i + i)((P − q)2 −m2i + i)
=
1
16pi2
{
ai(µ) + log
m2i
µ2
+
M2i −m2i + s
2s
log
M2i
m2i
+
qi√
s
log
m2i +M
2
i − s− 2
√
s qi
m2i +M
2
i − s+ 2
√
s qi
}
(113)
where Mi and mi are the meson and baryon masses in the ith channel. Eq. 112 can be
rewritten in the following matrix form
T (s) = [1 + T (s) · g(s)]−1 · T (s) , (114)
with T (s) = (T (s)ij), T (s) = (T (s)ij) and g(s) = diag(g(s)1, · · · , g(s)i, · · · ). Since the
LO chiral amplitude V(s) in Eq. (110) is considered as input in Ref. [352], the kernel
T (s) is just set as
T (s) = VLO(s) . (115)
If further adding higher-order chiral perturbative terms, one should be reminded that
the right-hand cut contribution should be subtracted. The above proposed unitarization
approach can be either regarded as an improved version of the K matrix or a BS equation
method under on-shell approximation.
Based on the above formalism, it was found that in the same Riemann sheet
there are two poles of the unitarized S-wave amplitude close to the Λ(1405) resonance,
as it was the case within the bag model [359]. The lower pole is located at
zR = 1390 − i66 MeV in the complex plane, while the higher pole is situated at
zR = 1426 − i16 MeV [360], both contributing to the piΣ distribution. The two poles
attribute their existence to two attractive forces in the coupled channels [360, 361] that
relies much on the sign and the strength of the used leading order interaction given in
Eq. 109. Nevertheless, the robustness of the two-pole structure of the Λ(1405) state was
verified by going beyond LO [354, 355, 356, 357, 358], by taking into account off-shell
effects with the use of BS equation [355, 358], and by incorporating new experimental
data [362, 363]. The upgraded results on the Λ(1405) are compiled in Table 1. For
comparison, poles obtained with LO chiral potential [352, 360] and the measured value
summarized from production experiments in PDG [262] are also listed. A comparison
of different unitarization results for the Λ(1405) is also given in Ref. [364].
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Table 1. Pole positions of the Λ(1405) resonance from partial-wave chiral dynamics,
in units of MeV.
pole position
Approach used Lower pole Higher pole
NLO+BSE (on-shell appr.) [354, 356] 1381+18−6 − i 81+19−8 1424+7−23 − i 26+3−14
NLO+BSE (on-shell appr.), Fit II of [357] 1388+9−9 − i 114+24−25 1421+3−2 − i 19+8−5
NLO+BSE, solution #2 of [358] 1330+4−5 − i 56+17−11 1434+2−2 − i 10+2−1
NLO+BSE, solution #4 of [358] 1325+15−15 − i 90+12−18 1429+8−7 − i 12+2−3
LO +BSE (on-shell appr.) [352, 360] 1390− i 66 1426− i 16
Production experiments in PDG [262] 1405.1+1.3−1.0 − i 25.3+1.0−1.0
3.3. Exotic states
3.3.1. D∗s0(2317) and D
∗
0(2400): from Pφ scattering Since 2003, many new excited
charmed states have been observed experimentally [365, 366, 367, 368], and further
experiments are still going on with the purpose of precisely investigating their properties
or searching for more new states. Some of those observed charmed meson are at
odd with expectations from the conventional quark-potential models, of which the
most fascinating one is D∗s0(2317) with quantum numbers J
P = 0+. This charm-
strange scalar state was first observed by the BABAR Collaboration by analysing
the inclusive D+s pi
0 invariant mass distribution and later it was confirmed by CLEO
and Belle Collaborations [365, 367, 366]. The D∗s0(2317) couples to the DK channel
and decays mainly into the isospin breaking channel Dspi being below the DK
threshold. Many investigations were triggered in consequently, aiming at revealing
the nature of the D∗s0(2317) meson as well as other newly observed charmed states
with JP = 0+. For instance, the D∗s0(2317) has been suggested to be interpreted
as a DK molecule [369]. Were this interpretation true, one can learn much about
the interaction between the charmed mesons P ∈ {D/Ds} and Goldstone bosons
φ ∈ {pi/K/η} from studying the D∗s0(2317) and related states. This path has been
followed in Refs. [370, 371, 372, 373, 374, 128, 375, 376] where the S-wave interaction
between P mesons and Goldstone bosons φ was investigated systematically up to the
next-to-leading order (NLO) using chiral effective theory for heavy mesons [120, 121, 122]
in combination with a unitarization approach such as the one in Ref. [352].
In the meantime, lattice QCD [377, 378] has made significant progress in the study
of Pφ interaction. The Lu¨scher formalism and its extension to coupled channels (see e.g.
Refs. [379, 380] for early works) are adopted to calculate scattering lengths and recently
phase shifts for the Pφ interaction at unphysical quark masses [381, 129, 382, 383,
384, 385]. The first calculation only concerns the isospin-3/2 Dpi, Dspi, DsK, isospin-0
and isospin-1 DK¯ channels [381, 129], which are free of disconnected Wick contractions.
Those channels with disconnected Wick contractions such as isospin-1/2 Dpi and isospin-
0 DK channel were calculated later by other lattice groups [382, 383, 384]. The lattice
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results are indispensable for us to explore the underlying charm physics. They can be
used to determine the unknown LECs in the chiral Lagrangian [386, 129, 130, 132, 387].
At present, the widely-used NLO potentials for the processes of P1(p1)φ1(p2) →
P2(p3)φ2(p4) with strangeness S and isospin I read
V(S,I)(s, t)P1φ1→P2φ2 =
1
F 2
{CLO
4
(s− u)− 4C0h0 + 2C1h1 − 2C24H24(s, t)
+ 2C35H35(s, t)
}
(116)
where s ≡ (p1 + p2)2, t ≡ (p1 − p3)2 are standard Mandelstam variables. We refer the
readers to Ref. [129] or Ref. [130] for the coefficients, which are derived from the relevant
chiral effective Lagrangians. The functions H24(s, t) and H35(s, t) are given by
H24(s, t) = 2h2p2 · p4 + h4(p1 · p2p3 · p4 + p1 · p4p2 · p3) , (117)
H35(s, t) = h3p2 · p4 + h5(p1 · p2p3 · p4 + p1 · p4p2 · p3) . (118)
Note that the most recent unitarized amplitudes based on one-loop ( i.e. NNLO)
potentials can be found in Refs. [132, 133]. However, as pointed out in Ref. [388],
the LECs involved in the NNLO analyses can not be well determined due to the lack of
precise data.
For a given angular momentum L, the partial wave projection of the potentials in
Eq. (116) is given by
V(S,I)L,P1φ1→P2φ2(s) =
1
2
∫ +1
−1
d cos θ PJ(cos θ)V(S,I)P1φ1→P2φ2(s, t(s, cos θ)) , (119)
with θ the scattering angle between the initial and final particles in the center-of-mass
frame. The Mandelstam variable t can be expressed as a function of s and cos θ, i.e.
t(s, cos θ) = m2P1 +m
2
P2 −
1
2s
(
s+m2P1 −m2φ1
) (
s+m2P2 −m2φ2
)
− cos θ
2s
√
λ(s,m2P1 ,M
2
φ1
)λ(s,m2P2 ,m
2
φ2
) . (120)
where λ(a, b, c) = a2 + b2 + c2 − 2ab− 2bc− 2ac is the Ka¨lle´n function.
The unitarized two-body scattering amplitude has the following form [352]
T (s) = [1− V(s) · g(s)]−1 · V(s) , (121)
where V(s) represents the partial wave potentials in Eq. (119). For brevity, the super-
and subscripts have been suppressed. The function g(s) encodes information on the
unitarity cuts generated by the intermediate two-particle states under consideration.
The S-wave scattering lengths can be obtained from the scattering amplitudes T (s)
through
a
(S,I)
Pφ→Pφ = −
1
8pi(mP +mφ)
T (S,I)L=0 (sthr)Pφ→Pφ , (122)
with sthr = (mP + mφ)2. This formula is quite suitable to describe the existing lattice
data just by replacing all the quantities in the formula by their corresponding pion mass
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dependent ones, see e.g. Ref. [132] for details. With the above theoretical equations, fits
can be performed to the lattice data and good agreement was achieved as shown in Fig. 4
of Ref. [129]. Most importantly, all the unknown parameters in the unitarized scattering
amplitudes were pinned down, enabling one to analyze the underlying dynamics. Below,
we will only review the dynamically generated poles in the channels with quantum
numbers (S, I) = (1, 0) and (S, I) = (0, 1/2).
The most interesting channel of Pφ interaction is the one (S, I) = (1, 0), where the
D∗s0(2317) resides. In this channel, a dynamically generated pole was found with the
pole position 2315+18−28 MeV, which is very close to the reported mass of the D
∗
s0(2317),
(2317.8 ± 0.5) MeV [262]. This finding strongly supports the molecule nature of the
D∗s0(2317) state from the viewpoint of partial wave dynamics with the help of chiral
effective theory and untarization approach. In the coupled Dpi-Dη-DsK¯ channel with
(S, I) = (0, 1/2), it was demonstrated in Ref. [389] that two poles can be found in the
D∗0(2400) region using the parameters fixed in Ref. [129]. In addition, energy levels in
this channel were computed in Ref. [389], and a remarkable agreement with the existing
lattice results given in Ref. [385] was established. This agreement can be regarded as a
strong evidence that the particle denoted as D∗0(2400) in PDG [390] actually corresponds
to two states with poles located at (2105+6−8−i102+10−12) MeV and (2451+36−26−i134+7−8) MeV,
respectively [389], similar to the well-known two-pole structure of the Λ(1405) [352].
Very recently, a brief review on the two-pole structure in QCD is presented in Ref. [391].
It should be pointed out that the Pφ interaction was also studied with NLO potentials
obtained in U(3) sector and Nc trajectories of the poles in the (S, I) = (1, 0) and (0, 1/2)
channels are obtained. It is found that, with NC increasing, neither the D
∗
s0(2317) pole
nor the poles in the (0, 1/2) channel tend to fall down to the real axis, which indicate
that each of the states do not behave like a quark-antiquark meson at large Nc.
Based on the UChPT results, a way towards a new paradigm for heavy-light meson
spectroscopy is discussed in Ref. [392]. It was pointed out that various puzzles in
the charmed-meson spectrum, e.g. the abnormal mass ordering of the charm-strange
D∗s0(2317) and the nonstrange D
∗
0(2400) states, can be resolved naturally if the SU(3)
multiplets for the lightest 0+ states owe their existence to the non-perturbative partial-
wave dynamics of the Pφ interaction. The resolution for the 0+ meson also holds true
for the lightest 1− states given that heavy quark spin symmetry is enforced. If further
implementing heavy quark flavour symmetry, same conclusions can be made in the
bottom as the charm sector. In Table 2 and Table 3, UChPT results of the heavy-
quark-symmetry partners of the D∗s0(2317) and D
∗
0(2400) are shown. For comparison,
the latest LQCD and experimental results are also compiled in the two tables.
3.3.2. Pc states The LHCb Collaboration first observed two hidden charm pentaquark
states, Pc(4380)
+ and Pc(4450)
+, in the J/ψp invariant mass distribution in 2015 [396].
Obviously, the Pc states contain at least five quark component c¯cuud and thus the
discovery trigged lots of theoretical discussion, but their internal structure is still under
debate. Four years later, LHCb just updated more precisely search for the puzzling
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Table 2. Masses of lowest positive-parity heavy-strange mesons, in units of MeV. For
comparison, UChPT results, the measured values and latest LQCD results are shown.
UChPT [392] RPP [393] LQCD
D∗s0 2315
+18
−28 2317.7± 0.6 2348+7−4 [394]
Ds1 2456
+15
−21 2459.5± 0.6 2451± 4 [394]
B∗s0 5720
+16
−23 - 5711± 23 [395]
Bs1 5772
+15
−21 - 5750± 25 [395]
Table 3. Pole positions of lowest positive-parity non-strange mesons, in units of
MeV. For comparison, UChPT results, the measured values and latest LQCD results
are shown. The poles are given as (M,Γ/2), with M the mass and Γ the total decay
width.
lower pole [392] higher pole [392] RPP [393]
D∗0
(
2105+6−8, 102
+10
−11
) (
2451+35−26, 134
+7
−8
)
(2318± 29, 134± 20)
D1
(
2247+5−6, 107
+11
−10
) (
2555+47−30, 203
+8
−9
)
(2427± 40, 192+65−55)
B∗0
(
5535+9−11, 113
+15
−17
) (
5852+16−19, 36± 5
)
-
B1
(
5584+9−11, 119
+14
−17
) (
5912+15−18, 42
+5
−4
)
-
structures [397]. The decay events collected now by Run 1 and Run 2 are about ten
times as that of Run 1. As a result, the bin size has been decreased from 15 to 2 MeV.
With the high statistics one new narrow state Pc(4312)
+ was found. What makes it
more interesting is that the Pc(4450)
+ split into two overlapping peaks, Pc(4440)
+ and
Pc(4457)
+, with the analysis of more data set.
In Refs. [398, 399, 400, 401], it was shown that the triangle diagram can contribute
to the old Pc(4450)
+ peak, while similar contribution also exists for the newly
observed Pc(4457)
+ peak [397]. Besides, hadronic molecular interpretation on the
Pc(4450)
+ [402, 403, 404, 405, 406, 407, 408, 409] and the new P+c structure [410, 411,
412, 413, 414, 415, 416, 417, 418] was claimed, due to the close proximity of the P+c
structures to the D¯(∗)Σc thresholds. Note that methods of partial wave dynamics lead
to the molecular interpretations obtained in most of the above-mentioned works. For
a recent review on hadronic molecules, see Ref. [419]. It was pointed out by Ref. [420]
to check the molecule structure of these states in the isospin breaking decays. In
contrast, Ref.[421] prefers the Pc(4312) to be a virtual state, due to the fact that the
attractive effect of the Σ+c D¯
0 channel is not strong enough to form a bound state.
Ref.[422] performed an amplitude analysis of the J/Ψp - D¯0Σ+c - D¯
∗0Σ+c triple
channels based on K-matrix and AMP method when constructing the decay amplitudes.
High quality of fit was obtained and pole locations were extracted, e.g. the Pc(4440)
at 4444.09+2.53−1.48 − i3.10+0.53−1.33 MeV and the Pc(4312) at 4314.31+2.06−1.10 − i1.43+1.50−0.57 MeV.
Furthermore, one pole for the Pc(4312), four poles for the Pc(4440) and no pole for
the Pc(4457) are found in this triple-channel study. With the pole counting rule it
suggests that the Pc(4312), Pc(4440) and Pc(4457) are molecule, compact pentaquark,
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and threshold behaviour, in order. It should be noticed that in the compact pentaquark
picture [423], the spin-parities of the P+c states structure would be 3/2
−, 3/2+ and
5/2+ for the Pc(4312)
+, Pc(4312)
+ and Pc(4312)
+, respectively. They are different
from the molecular interpretation. Even in molecular hypothesis, different models give
somehow different description of quantum numbers for the P+c structure. For example,
Ref. [411] used the one-boson-exchange model and got that the Pc(4440)
+ and Pc(4457)
+
correspond to D¯∗Σc with JP = 1/2− and D¯∗Σc with JP = 3/2−, respectively. While
Ref. [414] got opposite quantum numbers for the two by using quark delocalization color
screening model.
Actually, some literature predicted the existence of the narrow D¯0Σ+c and D¯
∗0Σ+c
states long before this discovery [424, 425, 426]. Thereinto, by using various unitarization
methods with EFT results as inputs, partial wave analysis is one of the most primary
approaches to properly yield theoretical predictions on exotic states including the Pc
states, as illustrated in Ref. [426]. And there are plenty of follow-up and improved
investigations alone this line, e.g. Refs. [402, 405, 412, 415]. For more discussions on
pentaquarks or tetraquarks, see e.g. Refs. [427, 428].
3.3.3. Doubly charmed baryons In quark model with (u, d, s, c) quarks, three doubly
charmed ground-state baryons with JP = 1
2
+
show up in the 20M -plet representation
of flavour SU(4) group [262]. The three baryons are named as Ξ++cc , Ξ
+
cc and
Ω+cc. Their masses should be close to each other, since their corresponding quark
constituents are [ccu], [ccd] and [ccs] in order. In 2002, it was reported by SELEX
Collaboration [429] that the Ξ+cc was first observed and its measured mass is 3519 ±
2 MeV [430]. Unfortunately, for a very long time, this state was not confirmed by
any other experimental collaborations such as FOCUS [431], Belle [432], Babar [433]
and LHCb [434]. Furthermore, the experimental value deviates from theoretical results
determined by effective potential method [435], relativistic quark model [436], lattice
QCD [437, 438], heavy quark effective theory [439], etc. Therefore, the realistic existence
of doubly charmed baryon, particularly the Ξ+cc state, was called into question. Actually,
the SELEX results were also put in question using heavy quark-diquark symmetry, see
Ref. [440].
The question was solved in 2017 that the doubly charged state Ξ++cc with a mass
of 3621.4 ± 0.78 MeV, consistent with previous theoretical determinations within 1-σ
uncertainty [435, 436, 438], was observed by LHCb collaboration [441]. Renewed interest
has been triggered in studying doubly charmed baryons. Relevant theoretical works have
been successively accumulated, e.g., in the investigations of weak decays [442, 443],
strong and radiative decays [444, 445], magnetic moments [446] and so on. Within
the context of relativistic baryon χPT as introduced in Section 1.2.3, the masses and
electromagnetic form factors of the doubly charmed baryons were studied at loop level
in Refs. [135, 136, 447]. In particular, partial wave dynamics of the interaction between
the doubly charmed baryons and Goldstone bosons was first analyzed in Ref. [137], and
S-wave exotic doubly charmed baryon excitations were predicted by invoking UChPT
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with LO chiral potentials. By using NLO chiral potentials and taking into account
the P-wave excitations between the two charm quarks, a refined analysis was done in
Ref. [138], resulting in two possible quasistable states in the spectrum of negative-parity
doubly charmed baryons.
4. Summary and outlook
In studying the non-perturbative problems in the low energy region where perturbative
QCD does not work, there emerge long-history controversies about whether or not the
resonances as σ or κ exist, which blurs the categorization of the hadron states with their
quark configurations. Until recently, great efforts have been made using χEFTs and
dispersive relations, respecting fundamental principles of S-matrix theory and QCD.
It leads to a general consensus that these problems finally settle down and precise
pole locations are determined. Nevertheless, a trustworthy explanation of why these
poles including the a0(980) and f0(980) appear is still desirable. Furthermore, modern
developments of unitarization of χEFTs with heavy hadron states could also successfully
expand the application region of χEFTs. In the next few years, measurements of large
statistics of experimental data of LHCb, Belle, and BESIII, etc, will be promising to
establish more states with exotic quantum numbers, which may bring new challenges
to our knowledge of how the quarks and gluons combine to form hadron states. As we
experienced when studying light scalars, the approaches respecting unitarity, analyticity,
crossing symmetry, and chiral symmetry will still be expected to play an important role
to reach a solid conclusion when facing these new challenges.
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